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1. Introduction 

In this paper we shall study the pseudospectrum or spectral instability of square non- 
selfadjoint semiclassical systems of principal type. Spectral instability of non-self adjoint 
operators is currently a topic of interest in applied mathematics, see [2j and It arises 
from the fact that, for non-self adjoint operators, the resolvent could be very large in an 
open set containing the spectrum. For semiclassical differential operators, this is due to the 
bracket condition and is connected to the problem of solvability. In applications where 
one needs to compute the spectrum, the spectral instability has the consequence that 
discretization and round-off errors give false spectral values, so called pseudospectrum, 
see [19] and references there. 

We shall consider bounded systems P{h) of semiclassical operators given by (12.21) . and 
we shall generalize the results of the scalar case in ^j. Actually, the study of unbounded 
operators can in many cases be reduced to the bounded case, see Proposition 12.201 and 
Remark I2.21[ We shall also study semiclassical operators with analytic symbols, in the 
case when the symbols can be extended analytically to a tubular neighborhood of the 
phase space satisfying (12. 3p . The operators that we consider are of principal type, which 
means that the principal symbol vanishes of first order on the kernel, see Definition 13.11 

The definition of semiclassical pseudospectrum in [6] is essentially the bracket condi- 
tion, which is suitable for symbols of principal type. By instead using the definition of 
(injectivity) pseudospectrum by Pravda-Starov [15j we obtain a more refined view of the 
spectral instability, see Definition 12.271 For example, z is in the pseudospectrum of infi- 
nite index for P{h) if for any N the resolvent norm blows up faster than any power of the 
semiclassical parameter: 

(1.1) \\{P{h) - zld)~^\\>CNh-^ 0</Kl 

In [6] it was proved that (11. ip holds almost everywhere in the semiclassical pseudospec- 
trum. We shall generalize this to systems and prove that for systems of principal type, 
except for a nowhere dense set of degenerate values, the resolvent blows up as in the 
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scalar case, see Theorem 13.101 The comphcation is that the eigenvalues don't have con- 
stant multiplicity in general, only almost everywhere. 

At the boundary of the semiclassical pseudospectrum, we obtained in a bound on 
the norm of the semiclassical resolvent, under the additional condition of having no un- 
bounded (or closed) bicharacteristics. In the systems case, the picture is more complicated 
and it seems to be difficult to get an estimate on the norm of the resolvent using only 
information about the eigenvalues, even in the principal type case, see Example 14. 1[ In 
fact, the norm is essentially preserved under multiplication with elliptic systems, but the 
eigenvalues are changed. Also, the multiplicities of the eigenvalues could be changing 
at all points on the boundary of the eigenvalues, see Example 13. 9[ We shall instead 
introduce quasi- symmetrizable systems, which generalize the normal forms of the scalar 
symbols at the boundary of the eigenvalues, see Definition 14.51 Quasi-symmetrizable sys- 
tems are of principal type and we obtain estimates on the resolvent as in the scalar case, 
see Theorem 14.151 

For boundary points of finite type we obtained in [6] subelliptic type of estimates on 
the semiclassical resolvent. This is the case when one has no n- vanishing higher order 
brackets. For systems the situation is less clear, there seems to be no general results on 
the subellipticity for systems. In fact, the real and imaginary parts do not commute in 
general, making the bracket condition meaningless. Even when they do. Example 15.21 
shows that the bracket condition is not sufficient for subelliptic type of estimates. In- 
stead we shall introduce invariant conditions on the order of vanishing of the symbol 
along the bicharacteristics of the eigenvalues. For systems, there could be several (limit) 
bicharacteristics of the eigenvalues going through a characteristic point, see Example 15.91 
Therefore we introduce the approximation property in Definition 15.101 which gives that 
the all (limit) bicharacteristics of the eigenvalues are parallell at the characteristics, see 
Remark 15.111 The general case presently looks too complicated to handle. We shall gen- 
eralize the property of being of finite type to systems, introducing systems of subelliptic 
type. These are quasi-symmetrizable systems satisfying the approximation property, such 
that the imaginary part on the kernel vanishes of finite order along the bicharacteristics 
of the real part of the eigenvalues. This definition is invariant under multiplication with 
invertible systems and taking adjoints, and for these systems we obtain subelliptic types 
of estimates on the resolvent, see Theorem 15.201 

As an example, we may look at 

P{h) = h^AldN+iK{x) 

where A = — Yl^=i^xj positive Laplacean, and K{x) G C°°(RP) is a symmetric 

N X N system. If we assume some conditions of ellipticity at infinity for K{x), we 
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may reduce to the case of bounded symbols by Proposition 12.201 and Remark 12.211 see 
Example I2.22[ Then we obtain that P{h) has discrete spectrum in the right half plane 
{z : Re^ > }, and in the first quadrant if K{x) > 0, by Proposition 12.191 We obtain 
from Theorem 13.101 that the operator norm of the resolvent grows faster than any 
power of h as h ^ 0, thus (11. ip holds for almost all values z such that Re^; > and Im^; 
is an eigenvalue of K, see Example 13.121 

For Re 2; = and almost all eigenvalues Im z of K, we find from Theorem 15.201 that the 
norm of the resolvent is bounded by Ch~'^^^, see Example 15.221 In the case K{x) > and 
K{x) is invertible at infinity, we find from Theorem 14 . 1 51 that the norm of the resolvent is 
bounded by Ch~^ for Re^; > and Im^; = by Example I4.17[ The results in this paper 
are formulated for operators acting on the trivial bundle over R". But since our results 
are mainly local, they can be applied to operators on sections of fiber bundles. 



2. The Definitions 

We shall consider N x N systems of semiclassical pseudo-differential operators, and use 
the Weyl quantization: 

(2.1) P-(x, hD,)u = jj^^^ P (^^, hdj e'^^-y^^\{y)dydi 

for matrix valued P G C°°(T*R", £(C^, C^)). We shall also consider the semiclassical 
operators 

00 

(2.2) P{h) ^^h^Pf{x,hD) 

j=0 

with Pj e C{^(T*R", C{C^, C^)). Here is the set of functions having all deriva- 
tives in L°° and Pq = a{P{h)) is the principal symbol of P{h). The operator is said to 
be elliptic if the principal symbol Pq is invertible, and of principal type if Pq vanishes 
of first order on the kernel, see Definition 13. 1[ Since the results in the paper only de- 
pend on the principal symbol, one could also have used the Kohn-Nirenberg quantization 
because the different quantizations only differ in the lower order terms. We shall also 
consider operators with analytic symbols, then we shall assume that Pj{w) are bounded 
and holomorphic in a tubular neighborhood of T*R" satisfying 

(2.3) \\P,iz,C)\\<CoC^3' |Im(^,C)|<l/C Vj > 

which will give exponentially small errors in the calculus, here \\A\\ is the norm of the 
matrix A. But the results hold for more general analytic symbols, see Remarks 13.111 
and 14.19] In the following, we shall use the notation w = (x,^) G T*R". 
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We shall consider the spectrum Spec P{h) which is the set of values A such that the 
resolvent {P{h) — AMat)"^ is a bounded operator, here Mat is the identity in C^. The 
spectrum of P{h) is essentially contained in the spectrum of the principal symbol P{w), 
which is given by 

\P{w) - Ald^ I = 

where 1^41 is the determinant of the matrix A. For example, if P{w) = cr(P(/i)) is bounded 
and zi is not an eigenvalue of P{w) for any w = {x,C,) (or a limit eigenvalue at infinity) 
then P{h) —z\ Hat is invertible by Proposition 12. 191 When Pixu) is an unbounded symbol 
one needs additional conditions, see for example Proposition [2201 We shall mostly restrict 
our study to bounded symbols, but we can reduce to this case if P{K)~Z\ Mat is invertible, 
by considering 

{P{h) - ^1 \^nY\Pih) - Z^ Id^) Z2 + 

see Remark 12.211 But unless we have conditions on the eigenvalues at infinity, this does 
not always give a bounded operator. 

Example 2.1. Let 

^K)=([lo) 

then is the only eigenvalue of -P(0 but 

(2.4) (P(0-^Id^)-i = -lA(j ^(") 
and (P"" — 2;IdAr)^^P"' = — -z^^P"" is unbounded for any ^ 7^ 0. 

Definition 2.2. Let P G C°°(r*R") be an iV x system. We denote the closure of the 
set of eigenvalues of P by 

(2.5) S(P) = {A G C : 3w; G T*R", \P{w) - AIdiv| = 0} 

and the eigenvalues at infinity: 
(2.6) 

S^(P) = { A G C : 3wj ^ 00 3mj- G \ 0; \P{wj)Uj - \u^\l\uj\ 0, j ^ 00 } 
which is closed in C. 

In fact, that Soo(P) is closed follows by taking a suitable diagonal sequence. Observe 
that as in the scalar case, we could have Soo(P) = S(P), for example if P[w) is constant 
in one direction. It follows from the definition that A ^ Soo(P) if and only if the resolvent 
is defined and bounded when |w| is large enough: 

(2.7) ||(P(^)-AId^)-i < C 1^1 >1 
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In fact, if (12.71) does not hold there would exist Wj —>■ oo such that \\{P{wj) — X Idjv)^-'^|| —>■ 
oo, j oo. Thus, there would exist uj G such that \uj\ = 1 and P{wj)Uj — Xuj 0. 
On the contrary, if (12 .7^ holds then \P{w)u — Xu\ > \u\/C for any u G and \w\ ^ 1. 

It is clear from the definition that Soo(-P) contains all finite limits of eigenvalues of P 
at infinity. In fact, if P{wj)uj = XjUj, \uj\ = 1, Wj — oo and X then 

P{wj)uj - Xuj = {Xj - X)uj -> 

Example 12.11 shows that in general Soo(-P) could be a larger set. 

Example 2.3. Let P(0 be given by Example EH then S(P) = {0} but Soo(P) = C 
by dMD and ([22D. In fact, for any A G C we find that 

\P{Ou^ - Am^I = A^ when = *(^, A) 
We have that \u^\ = vTAp~+~^ — oo so \P{^)u^ — Xu^\/\u^\ when |^| — > oo. 
For bounded symbols we get equality according to the following proposition. 

Proposition 2.4. If P E C^(T*R") is an N x N system then Soo(P) is the set of all 
limits of the eigenvalues of P at infinity. 

Proof. Since Soo(-P) contains all limits of eigenvalues of P at infinity, we only have to 
prove the opposite inclusion. Let A G Soo(-P) then by the definition there exist Wj oo 
and Uj G such that \uj\ = 1 and \P{wj)uj — Xuj\ = ej —>■ 0. Then we may choose 
N X N matrix Aj such that \\Aj\\ = Sj and P{wj)uj = Xuj + AjUj thus A is an eigenvalue 
of P{wj) — Aj. Now if A and B are N x N matrices and d(Eig[A), Eig(i?)) is the minimal 
distance between the sets of eigenvalues of A and B under permutations, then we have 
that d(Ejig{A), Eig(S)) when — S|| — 0. In fact, a theorem of Eisner [8] gives 

(2.8) rf(Eig(A),Eig(5)) < Ar(2max(||A||,||S||))i-i/^||A-5f/^ 

Since the matrices P{wj) are uniformly bounded we find that they have an eigenvalue /ij 
such that l/ij — A| < CnS'/^ — as j — oo, thus A = limj^ooAtj is a limit of eigenvalues 
of P{w) at infinity. □ 

One problem with studying systems P{w), is that the eigenvalues are not very regular in 
the parameter w, generally they depend only continuously (and eigenvectors measurably) 
on w. 

Definition 2.5. For an iV x system P G C°°(T*R") we define 

Kp{w, A) = Dim Kei{P{w) - X Idjv) 

and 

Kp{w, A) = max | k : d{p{w, A) = for j < A; j 
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where p{w, A) = \P{w) — A Id at | is the characteristic polynomial. We have np < Kp with 
equality for symmetric systems but in general we need not have equality, see Example 12.71 
Let 



where dflj{P) is the boundary of fij(-P) in the relative topology of fli{P). 

Clearly, ^j{P) is a closed set for any j > 1. By the definition we find that the multi- 
plicity Kp of the zeros of \P{w) — Xldjy \ is locally constant on fii(P) \ H(P). If P{w) is 
symmetric then Kp = DimKer(P(w) — Aldjy) also is constant on Qi{P) \ H(P) but this 
is not true in general, see Example 13. 9[ 

Remark 2.6. We find that H(P) is dosed and nowhere dense in Qi{P) since it is the 
union of boundaries of closed sets. We also find that 



n^{P) = { (w, A) e r*R" X C : Kp{w, X)>k} 
then = f2Ar+i(P) C i7jv(P) ^ • ■ ■ ^ ^i(P) and we may define 



A; > 1 



(2.9) 




{w,X)eE{P)^{w,X)eE{P*) 



since IP* — A Mat 



P-AIdiv|. 



Example 2.7. Let 




where Xj{w) G C°°, j 



1, 2, then Qi^P) = {{w,X) : A = Xj{w), j = 1, 2 }, 



n2{P) = {{w,X): X = X^{w) = X2{w)} 



but = 1 on Qi{P). 



Example 2.8. Let 




t e R 



then P(t) has the eigenvalues ±Vt, and = 1 on fii(P). 



Example 2.9. Let 




Wi + W2 



W3 
Wi - W2 



then 




We have that Q2iP) = { (wi, 0, 0; Wi) : Wi eK} and Kp = 2 on Q2{P)- 
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Definition 2.10. Let ttj be the projections 

7ri(w, \) = w T^2iw, A) = A 
then we define for A G C the closed sets 

Sa(P) = TTi (ni{P) fl 7r2-^(A)) ={w: \P{w) - A Id^v | = } 

and 

X{P) = TTi (H(P)) C T*R'' 

Remark 2.11. Observe that X{P) is nowhere dense in T*R" and P{w) has constant 
characteristics near wq ^ X{P). This means that \P{w) — Ald^v \ = if and only if X = 
Xj{w) for j = 1, . . . k, where the eigenvalues Xj{w) ^ Xki^) for j ^ k when \w — Wo\ ^ 1. 

In fact, 7rf^(w) is a finite set for any w E T*R" and since the eigenvalues are con- 
tinuous functions of the parameters, the relative topology on Qi{P) is generated by 
TT^^tu) f]ni{P) for open sets u C T*R". 

Definition 2.12. For an x system P G C°°(T*R") we define the weakly singular 
eigenvalue set 

(2.10) S^,(P) = 7r2(H(P))CC 
and the strongly singular eigenvalue set 

(2.11) E,,(P) = I A : 7r,\X)f]n^{P) C S(P) } . 

Remark 2.13. It is clear from the definition that Sss(P) ^ J].^s{P). We have that 
S«,s(P) IJ Soo(P) and T,ss{P)[J^oo{P) are closed, and T,ss{P) is nowhere dense. 

In fact, if Aj ^ A ^ Soo(P), then TT2^{\j) f]Vli{P) is contained in a compact set for 
j ^ 1, which then either intersects H(P) or is contained in S(P). Since S(P) is closed, 
these properties are preserved in the limit. 

Also, if A G Sss(P), then there exists {wj,Xj) G S(P) such that A^ — A as j oo. 
Since S(P) is nowhere dense in fii(P), there exists {wjk, Xjk) G ^i{P) \ 2(P) converging 
to {wj, Xj) as ^ oo. Then S(P) \ Sss(P) 3 Xjj A, so Sss(P) is nowhere dense. On 
the other hand, it is possible that T,y^siP) = S(P) by the following example. 

Example 2.14. Let P{w) be the system in Example 12.91 then we have 

E^,(P) = S(P) = R 

and Sss(P) = 0. In fact, the eigenvalues coincide only when W2 = = and the 
eigenvalue A = wi is also attained at some point where W2 7^ 0. If we multiply P{w) with 
Wi + iw^, we obtain that ^^^^(P) = S(P) = C. If we set P{wi,W2) = P{0,Wi,W2) we find 
that S,,(P) =S^,(P) = {0}. 
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Lemma 2.15. Let P G C°°(T*R") be an N x N system. If {wq, Xq) e ni{P)\E{P) then 
there exists a unique C°° function X{w) so that {w,X) G ^^i(P) if and only if X = X{w) 
in a neighborhood of {wq, Aq). If Xq G S(-P) \ {T,ws{P) IjSoo(-P)) then 3 X{w) G C°° such 
that {w,X) G fii(P) if and only if X = X{w) in a neighborhood o/Sa„(P). 

We find from Lemma r2. ISI tliat r2i(P)\S(P) is locally given as a manifold over T*R", 
and that the eigenvalues Xj{w) G outside X{P). This is not true if we instead assume 
that Kp is constant on Qi{P), see Example 12.81 

Proof If {wo, Ao) G fii(P) \ H(P), then 

A^ |P(w;)-AId7v| 

vanishes of exactly order /c > on Qi{P) in a neighborhood of (t^o, Aq), so 

dllPiwo) - A Idjv I ^ for A = Ao 

Thus A = X{w) is the unique solution to 9^"^|P(«;) - AHat I = near wq which is C°° by 
the Implicit Function Theorem. 

If Ao G S(P) \ (S^s(P) IjSoo(P)) then we obtain this in a neighborhood of any Wq G 
Sao(-P) ^ T*R". By using a partition of unity we find by the uniqueness that 
X{w) G C°° in a neighborhood of Sao(P). □ 

Remark 2.16. Observe that if Xq G S(P) \ (S^,(P) J Soo(P)) and X{w) G safe/^es 
\P{w) — X{w) Hat I = near Sao(P) anc? X\^ (p) ~ ^^^'^ "Sarc? Theorem 

that dKeX and dlmX are linearly independent on the codimension 2 manifold S^(P) for 
almost all values fi close to Ao- Thus for n = 1 we find that S^(P) is a discrete set for 
almost all values fi close to Xq. 

In fact, since Ao ^ Soo(P) we find that S^(P) — > Sao(P) when /x — Ao so S^(P) = 
{w : A(w) = /i } for |yU — Aol ^ 1. 

Definition 2.17. A function X{w) is called a germ of eigenvalues at wo for the N x N 

system P G C°°(T*R") if 

(2.12) ~ X{w) Mat 1=0 in a neighborhood of wq 

If this holds in a neighborhood of every point in a; (s T*R" then we say that X{w) is a 
germ of eigenvalues for P on a;. 

Remark 2.18. // Aq G S(P) \ (Ss,(P) IJ Soo(P)) t/ien there exists Wq G Sao(P) so that 
(wo, Ao) G fii(P) \ 2(P). 5?/ Lemma \2.15\ there exists a C°° germ X{w) of eigenvalues 
at Wq for P such that X{wq) = Xq. If Xq G S(P) \ (S^s(P) |jSoo(P)) then there exists a 
C°° germ X{w) of eigenvalues on Sao(P)- 
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As in the scalar case we obtain that the spectrum is essentially discrete outside T,oo{P)- 



Proposition 2.19. Assume that the N x N system P{h) is given by f l2.2p with principal 
symbol P G C^(T*R"). Let Vl be an open connected set, satisfying 

np|Soo(P) = and r]p|CS(P)^0 

Then {P{h) — zldj\f)^^, 0<h'^l, z&Q, isa meromorphic family of operators with 
poles of finite rank. In particular, fork sufficiently small, the spectrum of P{h) is discrete 
in any such set. When Vt S(P) = we find that Vt contains no spectrum of P^{x, hD). 

Proof. We shall follow the proof of Proposition 3.3 in [6]. \{ Vt satisfies the assumptions 
of the proposition then there exists C > such that 

(2.13) \{P{w) - zl<lNy^\<C if ;z e n and |u7| > C 

In fact, otherwise there would exist Wj — > oo and Zj G VL such that \{P{wj) — Zj \d]s[)^'^\ —>■ 
oo, j — > oo. Thus, 3uj G such that \uj\ = 1 and P{wj)uj — ZjUj — * 0. Since S(P) d C 
we obtain after picking a subsequence that Zj ^ z E r2f]Soo(-P) = 0- The assumption 
that Vt n CS(p) 7^ implies that for some Zq E Vt have {P{w) — ZqIAj^)"^ G . Let 
X G Co°°(T*R"), < x{w) < 1 and x{w) = 1 when \w\ < C, where C is given by ^A3\f . 
Let 

R{w, z) = x{w){P{w) - zo Id^)-i + (1 - x{w)){P{w) - z Id^r' G 

for z E Q. The symbolic calculus then gives 

hD, z){P{h) -zUn) =1 + hBi{h, z) + K^{h, z) 
{P{h) - z ldN)R'"{x, hD, z)=I + hB2{h, z) + K^ili, z) 

where Kj{h, z) are compact operators on L^(R") depending holomorphically on z, vanish- 
ing for z = zq, and Bj{h,z) are bounded on L^(R"), j = 1,2. By the analytic Fredholm 
theory we conclude that {P{h) — 2;IdAr)~^ is meromorphic in z E fl for h sufficiently small. 
When n n ^(P) = we can choose R{w, z) = {P{w) - z Idjv)"S then Kj = for j = 1, 
2, and P{h) — zldN is invertible for small enough h. □ 

We shall show how the reduction to the case of bounded operator can be done in the 
systems case, following [6]. Let m{w) be a positive function on T*R" satisfying 

1 <m{w) <C{w -wo)^m{wo) , Ww,WoeT*R'' 

for some fixed C and A^, where (w) = 1 + |u'|. Then m is an admissible weight function 
and we can define the symbol classes P G S{m) by 

\KP{w)\\ < Co.m{w) Va 
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Following [7j we can then define the semiclassical operator P{h) = P'^{x, hD). In the 
analytic case we require that the symbol estimates hold in a tubular neighborhood of 
T*R": 

(2.14) \\dZPiw)\\ <Cam{Rew) for |Imw|<l/C Va 

One typical example of an admissible weight function is m{x,^) = ((0^ + i^y)- 
Now we make the ellipticity assumption 

(2.15) ||^"^(w^)ll < Com-\w) \w\ > 1 

and in the analytic case we assume this in a tubular neighborhood of r*R" as in fl2.14p . 
By Leibniz' rule we obtain that P^^ G S^m^^) at infinity, i.e., 

(2.16) \\d^p-\w)\\ < C'^m-\w) \w\ > 1 
When z ^ S(P) [j Soo(P) we find as before that 

\\{p{w)-zidNy^\\<c vw 

since the resolvent is uniformly bounded at infinity. This implies that P{w){P{w) — 
2;IdAr)~^ and {P{w) — zldiy)~^P{w) are bounded. Again by Leibniz' rule, (12.151) holds 
with P replaced by P — zldjy thus {P{w) — 2;IdAr)~^ G S{m~^) and we may define the 
semiclassical operator {{P — zldN)~^)^{x, hD). Since m > 1 we find that P (to) — z Id at G 
S{m), so by using the calculus we obtain that 

{P"" - zldN){{P - zUn)-^)"" = l + /iPf 

((P - ^Id;v)"')"'(^'" - ^M^) = l + hR^ 

where Rj G >S'(1), j = 1, 2. For small enough h we get invertibility and the following 
result. 

Proposition 2.20. Assume that P G S{m) is an N x N system satisfying (12.151) and 
that z ^ S(P) IJ Soo(P)- Then we find that P^ — zldN is invertihle for small enough h. 

This makes it possible to reduce to the case of operators with bounded symbols. 

Remark 2.21. If zi ^ Spec(P) we may define the operator 

Q = {P - Zi\dN)-\P - Z2\dN) Z2^Zi 

then the resolvents of Q and P are related by 

{Q-C\d^)-^ = {l-0-\P-z,\dN){p-^-^^^\dM^ ' Ct^I 
when ^ Spec(P). 
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Example 2.22. Let 

P{x,0 = \^\^^dN+tK{x) 
where < K{x) G C^, then we find that P G S{m) with m(x,0 = I^P + 1- If 
^ Tioo{K) then K{x) is invertible for |x| S> 1, so P^^ G ^(m"^) at infinity. Since 
Re 2; > in S(P) we find from Proposition 12.201 that P'^{x,hD) + Id^ is invertible for 
small enough h and P'^{x, hD){P'^{x, hD)+ldi\f)~^ is bounded in with principal symbol 

P(w)(P(w) + ld,v)-' e C^. 

In order to measure the singularities of the solutions, we shall introduce the semiclassical 
wave front sets. 

Definition 2.23. For u G ^^(R") we say that wq i WF,,(m) if there exists a G C^(T*R") 
such that ci(wo) 7^ and the norm 

(2.17) \\d"{x,hD)u\\<Ckh^ VA; 

We call WF/j(m) the semiclassical wave front set of u. 

Observe that this definition is equivalent to the definition (2.5) in [6] which use the FBI 
transform T given by (ICTI) : wq ^ WF,,(m) if \Tu[w)\ = 0{h°°) when \w - wo\ < 1. We 
may also define the analytic semiclassical wave front set by the condition that ||Tu(w)|| = 
0{e~^/^) in a neighborhood of Wq for some c > 0, see (2.6) in [6J. 

Observe that if m = (mi, . . . , m^) G ^^(R", C^) we may define WYh{u) = f]. WFh{uj) 
but this gives no information about which components of u that are singular. Therefore 
we shall define the corresponding vector valued polarization sets. 

Definition 2.24. For u G L2(R", C^), we say that (wq, 20) ^ WF^°'(u) C T*R" x if 
there exists A{h) given by (12. 2p with principal symbol A{w) such that A{wo)zq 7^ and 
A{h)u satisfies (12.171) . We call WF^°'(m) the semiclassical polarization set of u. 

We could similarly define the analytic semiclassical polarization set by using the FBI 
transform and analytic pseudodifferential operators. 

Remark 2.25. The semiclassical polarization sets are closed, linear in the fiber and has 
the functorial properties of the C°° polarization sets m [3]. In particular, we find that 

7r(WFf (m) \ 0) = WF,(m) = U WF,(m,) 

j 

if n is the projection along the fiber variables: tt : T*R" x 1-^ T*R". We also find that 
A(WFf (u)) = I {w, A{w)z) : {w, z) G WF^°'(u) } C \^Yl°\A{h)u) 

if A{w) is the principal symbol of A{h), which implies that WF^°'(/l'u) = yl(WF^°'(-u)) 
when A{h) is elliptic. 
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This follows from the proofs of Propositions 2.5 and 2.7 in [3]. 

Example 2.26. Let u = {ui,...,un) G L2(T*R", C^) where WF;,(ni) = {wq} and 
WF h{uj) = for j > 1. Then 

WFf(n) = {(u;o,(;^,0,...)): z E C} 

since || A"'(a;, = if A'^m = Ei>i ^J^i and wq G WF,,(m). By taking a 

suitable invertible we obtain 

WFl"\Eu) = {{wo,zv): zeC} 

for any v G C^^. 

We shall use the following definitions from [15], here and in the following ||P(/i)|| will 
denote the operator norm oi P{h). 

Definition 2.27. Let P{h), < < 1, be a semiclassical family of operators on L^(R") 
with domain D. For /i > we define the pseudo spectrum of index fi as the set 

Al^{P{h)) = {zeC: VC > 0, V/io > 0,30 < /i< ho, \\{P{h) - zldNy^\\ > Ch-^} 

and the injectivity pseudo spectrum of index fi as 

X'^{P{h)) = {zeC: VC > 0, V/io > 0, 

30<h<ho, 3ueD, \\u\\ = 1, \\{P{h) - zMnM < Ch^"} 

We define the pseudo spectrum of infinite index as A.^^{P{h)) = f]^A^^{P{h)) and corre- 
spondingly the injectivity pseudo spectrum of infinite index. 

Here we use the convention that ||(P(/i) — AId7v)^^|| = oo when A is in the spec- 
trum Spec(P(/i)). Observe that we have the obvious inclusion X^^{P{h)) C A^^[P[h)), 
V/i. We get equality if, for example, P{h) is Fredholm of index > 0. 

3. The Interior Case 

Recall that the scalar symbol p{x,^) G C°°{T*TV^) is of principal type if dp when 
p = 0. In the following we let d^P{w) = {u, dP{w)) for P e Ci(r*R") and u G r*R". We 
shall use the following definition of systems of principal type, in fact, most of the systems 
we consider will be of this type. We shall denote Ker P and Ran P the kernel and range 
of P. 

Definition 3.1. The N x N system P{w) G C°°{T*TV^) is of principal type at wq if 
(3.1) Ker P{wo) d^P{wo)u G Coker P{wo) = C^/ Ran P{wo) 
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is bijective for some v G T^(,(T*R"). The operator Pih) given by (12.21) is of principal type 
if the principal symbol P = a{P{h)) is of principal type. 

Remark 3.2. If P{w) G is of principal type and A{w), B{w) G C°° are invertihle 
then APB is of principal type. We have that P{w) is of principal type if and only if the 
adjoint P* is of principal type. 

In fact, by Leibniz' rule we have 

(3.2) d{APB) = {dA)PB + A{dP)B + APdB 

and Raii{APB) = y4(RanP) and Ker^APB) = B'^iKerP) when A and B are invert- 
ible, which gives the invariance under left and right multiplication. Since KerP*(wo) = 
RanP(wo)"'" "we find that P satisfies (13.11) if and only if 

(3.3) KerP(«;o) x KerP*(«;o) 3 {u,v) {duP{wo)u,v) 

is a non-degenerate bilinear form. Since {duP*v, u) = {d^Pu, v) we find that P* is of 
principal type if and only if P is. 

Observe that if P only has one vanishing eigenvalue A (with multiplicity one) then the 
condition that P is of principal type reduces to the condition in the scalar case: d\ ^ 0. 
In fact, by using the spectral projection one can find invertible systems A and B so that 

with E invertible (A^ — 1) x (A^ — 1) system, and this system is obviously of principal type. 
Example 3.3. Consider the system in Example 12.71 

where \j{w) G C°°, j = 1, 2. We find that P{w) — AId2 is not of principal type when 
A = \i{w) = \2{w) since Ker(P(w) — A Id2) = Ran(P(w) — A Id2) = C x { } is preserved 
by dP. 

Observe that the property of being of principal type is not stable under perturbation, 
not even when P = P* is symmetric, by the following example. 

Example 3.4. The system 

D/ ^ f'Wi-W2 W2 \ r>*r \ I \ 

Piw) = { ] = P (w) W = {Wi,W2) 

^ ^ \ W2 —Wi — W2 J V ' / 

is of principal type when wi = W2 = 0, but not of principal type when W2 ^ and wi = 0. 
In fact, 

d p=(^ M 
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is invertible, and when W2 7^ we have that 

KerP(0,«;2) = Kei d^^P (0,102) = {^(1,1) : z e C} 
which is mapped to RanP(0, W2) = {-2(1,-1) :zGC}by d^-^P. 

We shall obtain a simple characterization of systems of principal type. Recall Kp, Kp 
and S(P) given by Definition 12.51 

Proposition 3.5. Assume P{w) G C°° is an N x N system and that [wq, Aq) E i^i{P) \ 
S(P), then P{w) — AqHat is of principal type at wq if and only if np = Kp at (wg, Aq) 
and dX{wo) 7^ for the C°° germ of eigenvalues \{w) for P at wq satisfying \{wo) = Aq. 

Thus, in the case Aq = ^ S^„s(P) we find that P{w) is of principal type if and only if 
the germ of eigenvalues X{w) is of principal type and we have no non-trivial Jordan boxes 
in the normal form. Observe that by the proof of Lemma [2. 151 the C°° germ X{w) is the 
unique solution to d^p{w, A) = for A; = Kp{w, A) — 1 where p{w, A) = \P{w) — Xldjy \ 
is the characteristic equation. Thus we find that d\{w) 7^ if and only if d^d^piw, A) 7^ 
0. For symmetric operators we have Kp = Kp and we only need this condition when 
K,Ao)^H(P). 



Example 3.6. The system P(w) in Example 13.41 has eigenvalues — a/w^ + w| which 
are equal if and only if wi = W2 = 0, so { } = S^t,s(P). When W2 7^ and wi ~ the 
eigenvalue close to zero is w\/2w2 + 0{w\) which has vanishing differential at Wi = 0. 
The characteristic equation is p{w, A) = A^ + 2Xw2 — wf, so d^p = when wi = X = 0. 

Proof of Proposition \3. 51 Of course, it is no restriction to assume Aq = 0. First we note 
that P{w) is of principal type at wo if and only if 

(3.4) dt\P{Wo)\y^O k = Kp{Wo,0) 

for some u G T(T*R"). Observe that d^\P{wo)\ = for j < k. In fact, by choosing 
bases for KerP(wo) and ImP(wo) respectively, and extending to bases of C^, we obtain 
matrices A and B so that 

'Pn{w) Puiw) 



AP{w)B - 

where |P22('U^o)| 7^ and Pn, P12 and P21 all vanish at Wq. By the invariance, P is of 
principal type if and only if d^Pu is invertible for some u, so by expanding the determinant 
we obtain ( 13. 4p . 

Since {wq,0) G ^i{P) \ S(P) we find from Lemma [2.151 that we may choose a neigh- 
borhood u of {wq, 0) such that {w, A) G ^i{P) fl^ ^^^Y if A = X{w) G C°°. Then 

\P{w) - A Idjv I = {X{w) - Xy''e{w, A) 
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near wq, where e{w,X) ^ and m = Kp{wq,0) > Kp{wo,0). Letting A = we obtain 
that dl\P{wo) \ = if j < m and 9™|P(wo)| = (9^A(wo))'"e(wo, 0). □ 

Remark 3.7. Proposition 1 3'. 51 shows that for a symmetric system the property to be of 
principal type is stable outside S(P); if the symmetric system P{w) — A Hat is of principal 
type at a point (wq, Aq) ^ S(-P) then it is in a neighborhood. It follows from the Sard 
Theorem that symmetric systems P{w) — A Hat are of principal type almost everywhere 
on ni{P). 

In fact, for symmetric systems we have Kp = Kp and the differential dA 7^ almost 
everywhere on VLi{P) \ H(P). For germs of eigenvalues we can define the following 
bracket condition. 

Definition 3.8. Let P e C°°(T*R") be an x system, then we define 

A(P) = A_(P)UA+(^) 

where A-i-(P) is the set of Aq G S(P) such that there exists wq G Sa,)(P) so that {wq, Aq) ^ 
S(P) and 

(3.5) ±{ReA,ImA}(wo) > 

for the unique C°° germ X{w) of eigenvalues at wq for P such that X{wo) = Aq. 

Observe that A±(P) Sss(P) = 0, and it follows from Proposition 13.51 that P{w) — 
AoHat is of principal type at wq G A-i-(P) if and only if Kp = Kp at (wo,Ao), since 
dX{wo) 7^ when (13. 5p holds. Because of the bracket condition (13. 5p we find that A-|-(P) 
is contained in the interior of the values S(P). 

Example 3.9. Let 

where q{x,C,) = ^ + ix"^ and < x(^) ^ C°°(R) such that x{x) = when x < and 
X{x) > when a; > 0. Then S(P) = { Im z > }, A±(P) = { Im z > } and S(P) = 0. 
For ImA > we find Sa(-P) = | (±Vlm A, Re A) | and P — AId2 is of principal type 
at Sa(P) only when a; < 0. 

Theorem 3.10. Let P G C°°(r*R") be an N x N system, then we have that 

(3.6) A(P)\ (s^,(P)|JS„o(P)) CMP) 

when n > 2. Assume that P{h) is given by (12.21) with principal symbol P G C{^(T*R"), 
and that Aq G A_(P), 7^ ?io G Ker(P(wo) — AoMat) and P{w) — XIAn is of principal 
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type on Sa(-P) near wq for |A — Ao| <^ 1, for the Wq G Sao(P) in Definition \3.8l Then 
there exists ho > and u{h) G L^(R"), < h < ho, so that \\u{h)\\ < 1 

(3.7) \\{P{h) - XoldNMh)\\ < CNh^ ViV < h < ho 

and WF^\u{h)) = { {wo,Uo) }■ There also exists a dense subset of values Aq G A(P) so 
that 

(3.8) \\{Pih) - AoId^)-i > C'^h-"" ViV 

// all the terms Pj in the expansion (12.21) are analytic satisfying ( 12. 3p then h^^ may be 
replaced by expi^^c/h) in ( \3.7\i - (13. 8p . 

Here we use the convention that \\{P{h) — AId7v)^^|| = oo when A is in the spec- 
trum Spec{P{h)). Condition (13. 7p means that Aq is in the injectivity pseudospectrum 
A^(P), and (13.80 means that Aq is in the pseudospectrum A^(P). 

Remark 3.11. If P{h) is Fredholm of non-negative index then i \3.7\\ holds for Aq in a 
dense subset of A{P). In the analytic case, it follows from the proof that it suffices that 
Pj{w) is analytic satisfying (12. 3p in a fixed complex neighborhood of Wo G Sa(P), Vj. 

In fact, if P{h) is Fredholm of non-negative index and Aq G Spec(P(/;,)) then the 
dimension of Ker(P(/i) — AoHat) is positive and (13. 7p holds. 

Example 3.12. Let 

P(x, = Id +iK{x) (x, G T*R" 
where K{x) G C°°(R") is symmetric for all x. Then we find that 

Al(P) = A(P) = I Re^ > A Im^ G ^{K) \ (s,,(ir) |J Soo(i^)) | 

In fact, for any Imz G ^{K) \ {Jlss{K)\J^oo{,K)) there exists a germ of eigenvalues 
\{x) G C^ioj) for K{x) in an open set u C R" so that A(xo) = Im^; for some Xq G oj. 
By Sard's Theorem, we find that almost all values of \{x) in uj are non-singular, and if 
dA 7^ and Re 2 > we may choose G R" so that |^oP = Re-z and (^O) dx^) < 0. Then 
the C°° germ of eigenvalues + i\{x) for P satisfies (13. 5p at (xc^o) with the minus 
sign. Since K{x) is symmetric, we find that P{w) — zHtv is of principal type. 

Proof of Theorem \3.1(K First we are going to prove (13. 6p in the case n>2. Let 

iy = s^,(p)|JSoo(P) 

which is a closed set by Remark 12.131 then we find that every point in A(P) \ is a limit 
point of 

(a_(P) U A+(i^)) \ W = (A_(P) \ W) [j{A4P) \ W) 
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Thus, we only have to show that Aq G A_(P) if 



(3.9) 



Ao G A+(P) \ W = A+(P) \ (: 



S^,(P)|JS«,(P)) 



By Lemma 12.151 and Remark 12.161 we find from (13. 9p that there exists a C°° germ of 
eigenvalues X{w) G C°° so that S^X-P) is equal to the level sets {w : X{w) = yU } for 
l/i — Ao| ^ 1. By the definition we find that the Poisson bracket {ReA,ImA} does 
not vanish identically on Sao(P). Now by Remark 12.161 dReA and dim A are linearly 
independent on S^(P) for almost all fi close to Aq, and then S^(P) is a manifold of 
codimension 2. By using Lemma 3.1 of [6] we obtain that {ReA,ImA} changes sign on 
S^(P) for almost all values fi near Aq, so we find that those values also are in A_(P). By 
taking the closure we obtain (13. 6p . 

Next, assume that A G A_(P), it is no restriction to assume A = 0. By the assumptions 
there exists Wq G So(P) and X{w) G C°° such that X{wq) = 0, {ReA,ImA} < at wq, 
(wo,0) ^ 2(P), and P{w) — AHtv is of principal type on Sa(P) near wq when |A| <^ 1. 
Then Proposition 13.51 gives that Kp = Kp is constant on Qi{P) near {wq, Aq), so 



in a neighborhood of wq. Since the dimension is constant we can construct a base 
{ Ui{w), . . . ,Uk{w) } G C°° for Ker(P(w) — X{w) Id^) in a neighborhood of Wq. By or- 
thonormalizing it and extending to an orthonormal base of C^, we obtain orthogonal 
E{w) G C°° so that 



If P{w) is analytic in a tubular neighborhood of T*R" then E{w) can be chosen analytic 
in that neighborhood. Since Pq is of principal type at Wq by Remark l3.2l and 9Po(wo) maps 
Ker Po{wo) into itself, we find that Ran Po(wo) f] Ker Po{wo) = { } and thus |P22(u^o) I 7^ 
0. In fact, if there exists u" ^ such that Pn{wQ)vi!' = 0, then by applying P(wo) on 
u = {0,u") ^ KerPo(wo) we obtain 



which gives a contradiction. Clearly, the norm of the resolvent P{h)^^ only changes with 
a multiplicative constant under left and right multiplication of P{h) by invertible systems. 
Now E'^{x, hD) and {E*)^{x, hD) are invertible in for small enough h, and 



(3.10) 



DimKer(P(w) - X{w) Idjv) = K>0 



(3.11) 




^ Po{wo)u = {Pi2{wo)u",0) G KeTPo{wo)f]RanPo{wo) 



(3.12) 
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where cr{Pii) = Aldjv, P21 = 0{h) and P22{h) is invertible for small h. By multiplying 
from right by 

Id^ 

rP22{h)-'P2l{h) Id^.K, 

for small h, we obtain that P2i{h) = and this only changes lower order terms in Pii{h). 
Then by multiplying from left by 

Idx -Pi2{h)P22{hy' 
Un-k 

we obtain that Puih) = without changing Pu{h) or P22{h). 

Thus, in order to prove (13. 7p we may assume N = K and P{w) = A(w)Idx- By 
conjugating similarly as in the scalar case (see the proof of Proposition 26.3.1 in [ID]), we 
can reduce to the case when P{h) = X^{x, hD) Idx- In fact, let 

(3.13) P{h) = A"'(a;, hD) Uk + h^Pfi^^ 

A{h) = '£j>oh^AJ{x,hD) and B{h) = 'Ej>oh^Bf{x,hD) with Bo{w) = Ao{w). Then 
the calculus gives 

P{h)A{h) - B{h)X"{x, hD) = J2 h^EJ{x, hD) 



with 



Ek = ^Mx{Ak-i + Bk-i) + PiAk-i + X{Ak - B^) + Rk k>l 



Here Hx is the Hamilton vector field of A, Rk only depends on Aj and Bj for j < k — 1 
and Ri = 0. Now we can choose Aq so that Aq = Idx on Vq = {w : Im X{w) = } and 
\HxAq + PiAq vanishes of infinite order on Vq near wq. In fact, since { Re A, Im A } 7^ 
we find film A 7^ on Vq, and Vq is non-characteristic for if Re a- Thus, the equation 
determines all derivatives of Aq on Vq, and we may use the Borel Theorem to obtain a 
solution. Then, by taking 

B,-A,= (^-MxAo + PiAo^ \-' G 

we obtain £"9 = 0. Lower order terms are eliminated similarly, by making 

1 

vanish of infinite order on Vq. Observe that only the difference Aj_i — Bj_i is determined 
in the previous step. Thus we can reduce to the case P = X^{x, hD) Id and then the C°° 
result follows from the scalar case (see Theorem 1.2 in [6J) by using Remark 12.251 and 
Example [2:261 



-HxiAj_i + 5,_i) + PiA,„i + Rj 
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The analytic case follows as in the proof of Theorem 1.2' in [6J by applying a holomorphic 
WKB construction to P = Pu on the form 

oo 
3=0 

which will be an approximate solution to P{h)u{z, h) = 0. Here P{h) is given by (12.21) 
with Po{w) = \{w) Id, Pj satisfying ( 12. 3p and Pj"{z, hDz) given by the formula ( 12. ip where 
the integration may be deformed to a suitable chosen contour instead of T*R"' (see plGf 
Section 4]). The holomorphic phase function 0(z) satisfying A(z, rf^c/)) = is constructed 
as in [6] so that (i^0(xo) = and Im0(x) > c\x — xop, c > 0, and wq = (xo,^o)- The 
holomorphic amplitude Ao{z) satisfies the transport equation 

J2dc^Kz,d,(l){z))D,Aoiz) + P,iz,d,^iz))Aoiz) = 

3 

with Ao[xo) 7^ 0. The lower order terms in the expansion solve 

Y,dc,X{z,d,<P{z))D,Ak{z) + P,{z,d,(f){z))A,{z) = Sk{z) 
j 

where Sk{z) only depends on Aj and -Pj+i for j < k. As in the scalar case, we find 
from ( 12.31) that the solutions satisfy ||Afc(z)|| < CoC'^k'' see Theorem 9.3 in [16]. By solving 
up to A; < c/h, cutting of near xq and restricting to R" we obtain that P{h)u = 0{e^'^^^). 
The details are left to the reader, see the proof of Theorem 1.2' in [6]. 

For the last result, we observe that | Re A, Im A } = — { Re A, Im A }, A G S(P) \ E 
S(P*), P* is of principal type if and only if P is, and Remark 12.61 gives {w, A) G H(P) 
(w. A) G H(P*). Thus, A G A+(P) if and only if A G A_(P*) and 

||(P(/i)-AId;v)-i = ||(P*(/i)-AId;v)-1 

From the definition, we find that any Aq G A(P) is an accumulation point of A-|-(P), so 
we obtain the result from (13.71) . □ 

Remark 3.13. In order to get the estimate ( 13.71) it suffices that there exists a semibichar- 
acteristic T of X — Xq through wq such that T x {Aolfl'^'l-P) = 0? P{w) — Xld^ is of 
principal type near F for X near Aq and that condition (\E') is not satisfied on F, see [T0| 
Definition 26.4.6]. This means that there exists 7^ g G C°° such that T is a bicharacter- 
istic of Reg(A — Aq) through Wq and Img(A — Aq) changes sign from + to — when going 
in the positive direction on F. 

In fact, once we have reduced to the normal form (I3.13p . the construction of approximate 
local solutions in the proof of [101 Theorem 26.4.7] can be adapted to this case, since the 
principal part is scalar. See also Theorem 1.3 in p3l Section 3.2] for a similar scalar 
semiclassical estimate. 
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When P{w) is not of principal type, the reduction in the proof of Theorem 13.101 may 
not be possible since P22 in (13.111) needs not be invertible by the following example. 

Example 3.14. Let 

h x"{x,hD)) 

where A G C°° satisfies the bracket condition (13. 5p . The principal symbol is 

with eigenvalue \{w) and we have 

Ker(P(w) - \{w) Ida) = Ran(P(M;) - \{w) Ida) = { (2, 0) : 2 G C } Vw 

We find that P is not of principal type since dP = liAIda. Observe that H(P) = since 
Kp is constant on Qi{P). 

When the dimension is equal to one, we have to add some conditions in order to get 
the inclusion (13. 6p . 

Lemma 3.15. Let P(w) G C°°(T*R) be an N x N system, then for every component Q 
of C \ (Su,s(P) IjSoo(P)) which has non-empty intersection with CS(P) we find that 

(3.14) n C A_(P) 

The condition of having non-empty intersection with the complement is necessary even 
in the scalar case, see the remark and Lemma 3.2' on page 394 in [B]. 

Proof, li fi ^ Soo(P) we find that the index 

(3.15) i = vararg^ |P(w) — /ildiv I 

is well-defined and continuous when 7 is a positively oriented circle {w : \w\ = R} for 
P ^ 1. If Aq ^ S^s(P) [jSoo(P) then we find from Lemma [2.151 that the characteristic 
polynomial is equal to 

\P{w) - /ildAT I = {X{w) - fi)^e{w,iJ,) 

near wq G Sao(P), here A, e G C°°, e 7^ and k = Kp{wo). By Remark 12.161 we find 
for almost all fi close to Aq that (iRe A A (ilm A 7^ on A"^(/u) = S^(P), which is then a 
finite set of points on which the Poisson bracket is non-vanishing. If /i ^ ^(-P) ^6 find 
that the index (I3.15P vanishes, since one can then let P 0. Thus, if a component Q of 
C \ (S^s(P) IJ Soo(P)) has non-empty intersection with CS(P), we obtain that i = inQ. 
When fiQ ^ Qf] A(P) we find from the definition that the Poisson bracket { Re A, Im A } 
cannot vanish identically on S^(P) for all fi close to fiQ. Since the index is equal to the 
sum of positive multiples of the values of the Poisson brackets at S^(P), we find that 
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the bracket must be negative at some point Wq G S^(P), for almost all near Aq, which 
gives (EH]). □ 

4. The Quasi-Symmetrizable Case 

First we note that if the system P{w) — z Hat is of principal type near ^^(P) for z close 
to A G (9S(P) \ (S,i,s(P) IjSoo(P)) and Sa(-P) has no closed semibicharacteristics, then 
one can generalize Theorem 1.3 in [6J to obtain 

(4.1) II (P(/i) - A Idw)-i \\<C/h h^O 

In fact , by using the reduction in the proof of Theorem 13.101 this follows from the scalar 
case, see Example I4.12[ But then the eigenvalues close to A have constant multiplicity. 

Generically, we have that the eigenvalues of the principal symbol P have constant 
multiplicity almost everywhere since S(P) is nowhere dense. But at the boundary 9S(P) 
this needs not be the case. For example, if 

P(t,r) = Tld+iK{t) 

where 3 K > is unbounded and G then R = aS(P) C S,,(P). 

When the multiplicity of the eigenvalues of the principal symbol is not constant the 
situation is more complicated. Then the following example shows that it is not sufficient 
to have conditions only on the eigenvalues in order to obtain the estimate (14. ip . not even 
in the principal type case. 

Example 4.1. Let ai(t), 02 (t) G C°°(R) be real valued, 02(0) = 0, 03(0) > and let 

^ ' \a2{t) ^ %ai{t) -hDt + ai{t)J ^' 
Then the eigenvalues of P{t, r) are 

A = ai(t) ± ^Jt"^ + al{t) +al{t) G R 
which coincide if and only if r = ai[t) = 02 (t) = 0. We have that 

1/1 ^\pfl l\ _ fhDt + ta^it) \_p(.^ 

2 VI -V V -V V 2ai(t) hDt-ta2{t)J 

Thus we can construct Uh{t) = *(0, U2(t)) so that \\ufi\\ = 1 and P{h)uh = 0{h^) for h — > 
0, see Theorem 1.2 in 0. When 02 is analytic we may obtain that P{h)uh = 0(exp(— c//i)) 
by Theorem 1.2' in [6]. By the invariance, we see that P is of principal type at t = r = 
if and only if ai(0) = 0. If ai(0) = then S^s(P) = {0} and when ai 7^ we have 
that P"' is a selfadjoint diagonalizable system. In the case ai{t) = and 02 (^) = t the 
eigenvalues of P(t, hDt) are ±v^2ra/;,, n G N, see the proof of Proposition 3.6.1 in [9]. 
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Of course, the problem is that the eigenvalues are not invariant under multiplication 
with elliptic systems. To obtain the estimate (14.11) for operators that are not of principal 
type, it is not even sufficient that the eigenvalues are real having constant multiplicity. 

Example 4.2. Let a{t) e C°°(R) be real valued, a(0) = 0, a'(0) > and 

then the principal symbol is P(t, r) = ^ ^^^^^ so the only eigenvalue is r. Thus 

S(P) = but the principal symbol is not diagonalizable, and when a(t) ^ the system 
is not of principal type. We have 



/iV2 
-1 



(h-^l^ 0\_^/TfVhD, ait) \ 



thus we obtain that \\P^{t, hDf) ^\\ > C^h ^, VA^, when h —>■ hj using Example 14.11 
with ai = and a2 = a. When a is analytic we obtain hDt)^^\\ > exp{c/\/h). 

For non-principal type operators, to obtain the estimate (14. ip it is not even sufficient 
that the principal symbol has real eigenvalues of multiplicity one. 

Example 4.3. Let a{t) e C°°(R), a(0) = 0, a'(0) > and 

^^^^ " {h tha(t)) 

with principal symbol ^ ^ thus the eigenvalues are and 1, so S(P) = 0. Since 

^ P(h^ -hDt\ _ A \ A 

-h 1 J ^ > \Q 1 ) ~ \j) -h) \Q hDt - ia{t) 

we obtain as in Example 14. II that ||P(/i)^-'^|| > C^h'^ when /i ^ 0, VA^, and for analytic 
a{t) we obtain \\P{h)-^\\ > Ce"'^, h^O . Now drP maps KerP(O) into RanP(O) so the 
system is not of principal type. Observe that this property is not preserved under the 
multiplications above, since the systems are not elliptic. 

Instead of using properties of the eigenvalues of the principal symbol, we shall use 
properties that are invariant under multiplication with invertible systems. First we con- 
sider the scalar case, recall that a scalar p G is of principal type if dp ^ when 
p = 0. We have the following normal form for scalar principal type operators near the 
boundary 9S(P). Recall that a semibicharacteristic of p is a non-trivial bicharacteristic 
of Reqp, for q ^ 0. 
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Example 4.4. Assume that p{x,^) E C°°(T*R"') is of principal type and G dT.(p) \ 
Soo(p)- Then we find from the proof of Lemma 4.1 in [6j that there exists 7^ g G so 
that 

Imqp >0 dReqp 

in a neighborhood of wo G ^o{p)- In fact, condition (1.7) in that lemma is not needed 
to obtain a local preparation. By making a symplectic change of variables and using the 
Malgrange preparation theorem we then find that 

(4.2) p{x, = e(x, 0(^1 + ^f{x, e')) e = (6, 

in a neighborhood of Wq G So(p), where e 7^ and / > 0. If there are no closed 
semibicharacteristics of p then we obtain this in a neighborhood of So(p) by a partition 
of unity. 

This normal form in the scalar case motivates the following definition. 

Definition 4.5. We say that the NxN system P{w) G C°°(T*R") is quasi- symmetrizable 
with respect to the real C°° vector field V in Q C T*R" if 3 x system M{w) G 
C°°(r*R") so that in we have 

(4.3) Re{M{VP)u,u) >c\\uf -C\\Puf c>0 

(4.4) lm{MPu,u) > -C\\Puf 

for any u G C^, the system M is called a symmetrizer for P. 

The definition is clearly independent of the choice of coordinates in T*R" and choice 
of base in C^. When P is elliptic, we may take M = iP* as multiplier, then P is quasi- 
symmetrizable with respect to any vector field because \\Pu\\ = \\u\\. Observe that for a 
fixed vector field V the set of multipliers M satisfying fl4.3l) -( l474l) is a convex cone, a sum 
of two multipliers is also a multiplier. Thus, given a vector field V it suffices to make a 
local choice of multiplier M and then use a partition of unity to get a global one. 

Taylor has studied symmetrizable systems of the type Id +iK, for which there exists 
R > making RK symmetric (see Definition 4.3.2 in |13|). These systems are quasi- 
symmetrizable with respect to dr with symmetrizer R. We see from Example 14.41 that the 
scalar symbol p of principal type is quasi-symmetrizable in neighborhood of any point at 
aS(p)\S^(p). 

The invariance properties of quasi-symmetrizable systems are partly due to the following 
simple and probably well-known result on semibounded matrices. In the following, we 
shall denote Re A = ^{A + A*) and ilmA = ^{A — A*) the symmetric and antisymmetric 
parts of the matrix A. Also, if U and V are linear subspaces of C^, then welet U + V = 
{u + v: u eU A V eV}. 
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Lemma 4.6. Assume that Q is an NxN matrix such that Im zQ > for some ^ z E C. 
Then we find 

(4.5) Ker Q = Ker Q* = Ker(Re Q) f] Ker(Im Q) 
and RanQ = Ran(ReQ) + Ran(Im(5) is orthogonal to Ker Q. 

Proof. By multiplying with z we may assume that ImQ > 0, clearly the conclusions 
are invariant under multiplication with complex numbers. If u G KerQ, then we have 
{lmQu,u) = lm{Qu,u) = 0. By using the Cauchy-Schwarz inequality on ImQ > we 
find that {lmQu,v) = for any v. Thus u G Ker(Im(5) so KerQ C KeiQ*. We get 
equality and (14.51) by the rank theorem, since Ker Q* = KanQ^. 

For the last statement we observe that RanQ C Ran(ReQ) + Ran(ImQ) = (KerQ)-*- 
by (14.51) where we also get equality by the rank theorem. □ 

Proposition 4.7. Assume that P{w) G C°°(T*R"') is a quasi- symmetrizahle system, then 
we find that P is of principal type. Also, the symmetrizer M is invertible if Im MP > 
cP*P for some c > 0. 

Observe that by adding igP* to M we may assume that Q = MP satisfies 

(4.6) lmQ>{g-C)P*P>P*P>cQ*Q c>0 

for > C + 1, and then the symmetrizer is invertible by Proposition 14. 7[ 

Proof. Assume that (14. 3p - (14. 41) hold at wq, Ker P{wo) { } but (13. ip is not a bijection. 
Then there exists 7^ m G KerP(wo) and v G such that VP{wo)u = P{wo)v, so (14. Sp 
gives 

(4.7) Re{MP{wo)v, u) = Re{MVP{wo)u, u) > c||Mf > 0. 
This means that 

(4.8) RanMP(«;o) ^ KerP(wo)^ 
Let Mg = M + iqP* then we have that 

(4.9) lm{M^Pu,u)>{Q-C)\\Pu\\'^ 

so for large enough q we have Im M^P > 0. By Lemma [4.61 we find 

(4.10) Ran MgP± Ker MgP 

Since KerP C Ker M^P and Ran P*P C RanP*±KerP we find that Ran MP± Ker P 
for any q. This gives a contradiction to (14. 8p . thus P is of principal type. 
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Next, we shall show that M is invertible at Wq if Im MP > cP*P at Wq for some c > 0. 
Then we find as before from Lemma [4.61 that Ran MP ( ) -LKer MP (wq). By choosing 
a base for Ker P{wo) and completing it to a base of we may assume that 



where P22 is (A^ — K) x (A^ — K) system, K = DimKer P(iyo). Now, by multiplying 
P from left with an orthogonal matrix E we may assume that Puiwo) = 0. In fact, 
this only amounts to choosing an orthonormal base for RanP(?i;o)"'" and completing to an 
orthonormal base for C^. Observe that MP is unchanged if we replace M with ME~^, 
which is invertible if and only if M is. Since DimKer P(wo) = K we obtain |P22(wo)| 7^ 0. 
Let 



In fact, (MP)i2(wo) = Mi2{wo)P22{wo) = since RanMP(?x;o) = KerMP(u;o)^- We 
obtain that Mi2(wo) = 0, and by assumption 

ImM22P22 > CP22P22 at Wo, 

which gives |M22(wo)| 7^ 0. Since Pn, P21 and M12 vanish at wq we find 

ReViMP)niwo) = Re MnK)^i^iiK) > c 

which gives |Mii(tyo)| 7^ 0. Since Mi2(wo) = and |M22(u^o)| 7^ we obtain that M{wo) 
is invertible. □ 

Remark 4.8. The N x N system P G C°°(T*R") is quasi- symmetrizable with respect to 
V if and only if there exists an invertible symmetrizer M such that Q = MP satisfies 

(4.11) Re{{VQ)u,u) > c\\uf -C\\Quf oO 

(4.12) lm{Qu,u)>0 
for any u G C^. 

In fact, by the Cauchy-Schwarz inequality we find 





then we find 




\{{VM)Pu,u)\<e\\u\\^ + Ce\\Puf Ve>0 Vm G C 



I TV 



Since M is invertible, we also have that ||Pm 



WQu 



Definition 4.9. If the x system Q G C°°(T*R") satisfies fimD -f Hl2l ) then Q is 
quasi- symmetric with respect to the real vector field V . 
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Proposition 4.10. Let P{w) G C°°(T*R") be an N x N quasi- symmetrizable system, 
then P* is quasi- symmetrizahle. If A{w) and B{w) G C°°(T*R") are invertible N x N 
systems then BP A is quasi- symmetrizahle. 

Proof. Clearly fl4.11l) - fl4.12l) are invariant under left multiplication of P with invertible 
systems E, just replace M with ME~^. Since we may write BPA = B{A*)^^A*PA it 
suffices to show that E*PE is quasi-symmetrizable if E is invertible. By Remark |4 . 8 1 1 here 
exists a symmetrizer M so that Q = MP is quasi-symmetric, i.e., satisfies (I4.1ip - (l4.12p . 
It then follows from Proposition 14.111 that 

= E*QE = E*M{E*)-^E*PE 

also satisfies fl4.1ip and (14.121) . so E*PE is quasi-symmetrizable. 

Finally, we shall prove that P* is quasi-symmetrizable if P is. Since Q = MP is 
quasi-symmetric, we find from Proposition 14 . 1 1 1 that Q* = P*M* is quasi-symmetric. By 
multiplying with (M*)~^ from right, we find from the ffist part of the proof that P* is 
quasi-symmetrizable. □ 

Proposition 4.11. If Q ^ C°°(T*R") is quasi-symmetric, then Q* is quasi- symmetric. 
If E G C°°(T*R"') is invertible, then E*QE are quasi-symmetric. 

Proof. First we note that (14. lip holds if and only if 

(4.13) Re{{VQ)u,u) >c\\uf Vn G KerQ 

for some c > 0. In fact, Q*Q has a positive lower bound on the orthogonal complement 
KerQ-*- so that 

< Cligwll forwGKerg^ 

Thus, if u = u' + u" with u' G Ker Q and u" G Ker Q"*" we find that Qu = Qu", 

Re{{VQ)u',u") > -e\\u'f -Ce\\u"f > -e\\u'f-C'J\Quf > 

and Re{{VQ)u" ,u") > —C\\u"\\'^ > —C'WQuW^. By choosing e small enough we ob- 
tain (14.111) by using (14.131) on u'. 

Next, we note that ImQ* = -ImQ and ReQ* = ReQ, so -Q* satifies fHl2D and fHJ3D 
with V replaced by —V, and thus it is quasi-symmetric. Finally, we shall show that 
Qe = E*QE is quasi-symmetric when E is invertible. We obtain from (14.120 that 

lm{QEU,u) = lm{QEu,Eu) >0 V m G 

Next, we shall show that Qe satisfies (I4.13P on Ker = E^'^ Ker Q, which will give (14. lip . 
We find from Leibniz' rule that VQe = (yE*)QE + E*{VQ)E + E*Q{VE) where (l413ll 
gives 

Re{E*{VQ)Eu,u) > c\\Euf > c'\\uf u G KerQg 
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since then Eu G KerQ. Similarly we obtain that {{VE*)QEu,u) = when u G KerQ^. 
Now since IniQs > we find from Lemma [4.61 that 

(4.14) Kerg:^ = KerQ£; 

which gives {E*Q{VE)u,u) = {E-\VE)u,Q*eu) = when u G KerQ^; = KerQ^. Thus 
Qe satisfies (14.131) so it is quasi-symmetric, which finishes the proof. □ 

Example 4.12. Assume that P{w) G C°° is an x system such that z G S(-P) \ 
(S^s(P) f]Soo(-P)) and that P{w) — A Hat is of principal type when |A — 2;| ^ 1. By 
Lemma 12.151 and Proposition 13.51 there exists a C°° germ of eigenvalues X{w) G C°° 
for P so that DimKer(P(w) — A(w) Mat) is constant near ^^(P). By using the spectral 
projection as in the proof of Proposition 13.51 and making a base change B{w) G we 
obtain 

(4.15) PW = B-(»)(^W"- pJ.))^W 

in a neighborhood of ^^(P), here IP22 — ^{w) Id | 7^ 0. We find from Proposition 13.51 that 
d\ when A = 2;, so A — 2 is of principal type. Proposition 14.101 gives that P — zld^ 
is quasi-symmetrizable near any wq G Sj,(P) if z G c?S(A). In fact, by Example 14.41 there 
exists q{w) G C°° so that 

(4.16) \dReq{X- z)\^0 

(4.17) Img(A-2)>0 

and we get the normal form (14.21) for A near ^^(P) = { X{w) = z}. One can then take V 
normal to S = { Re q{X — z) = 0} at ^z{P) and use 

with M22{'w) = (P22(w) — zld)^^ for example, then 

(4.18) Q = M{P-zldN) = B* ('^^^~^^^'^'' ° ]b 

Y U Mn-k J 

If there are no closed semibicharacteristics of A — 2; then we also find from Example 14. 41 that 
P — zldjy is quasi-symmetrizable in a neighborhood of ^^(P), see the proof of Lemma 4.1 
in [6]. 

Example 4.13. Let 

P{x,0 = \^\'ldN+^K{x) 

where < K{x) G C°°. When z > we find that P — zld^ is quasi-symmetric in a 
neighborhood of ^^(P) with respect to the exterior normal d^) to ^^(P) = { = z}. 
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For scalar symbols, we find that G (9S(p) if and only if p is quasi-symmetrizable, see 
Example I4.4[ But in the system case, this needs not be the case according to the following 
example. 

Example 4.14. Let 

which is quasi-symmetrizable with respect to with symmetrizer M = ^ . In fact, 
d^.MP = Ida and 

MP{w)=( '''-'''A={MP{w)r 

\'W2 + tWs Wi I ^ ^ " 



SO Im MP = 0. Since eigenvalues of P{w) are W2 ± \Jw'l — we find that S(-P) = C so 

o 

G S(P) is not a boundary point of the eigenvalues. 

For quasi-symmetrizable systems we have the following result. 

Theorem 4.15. Let the N x N system P{h) be given by (12. 2p with principal symbol P G 
C{^(T*R"). Assume that z ^ Soo(P) and there exists a real valued function T{w) G C°° 
such that P{w) — z Hat is quasi-symmetrizable with respect to the Hamilton vector field 
Ht{w) in a neighborhood ofTiz{P)- Then for any K > we have 

(4.19) {CgC: IC-^I <K/ilog(l//i)}f|Spec(P(/i)) = 
for < /i ^ 1 , and 

(4.20) II (P(/i) -z)-^\\<C/h < /i< 1 

// P is analytic in a tubular neighborhood of r*R" then 3 cq > such that 

(4.21) {CgC: |C-;^| <Co}f|Spec(P(/i)) = 

Condition (14.201) means that A ^ Af^{P), which is the pseudospectrum of index 1 by 
Definition 12.271 The reason for the difference between (14.191) and (I4.20p is that we make a 
change of norm in the proof that is not uniform in h. The conditions in Theorem 14. 151 give 
some geometrical information on the bicharacteristic flow of the eigenvalues according to 
the following result. 

Remark 4.16. The conditions in Theorem \4-15\ imply that the limit set at ^^(P) of the 
non-trivial semibicharacteristics of the eigenvalues close to zero of Q = M{P — zld-N) is 
a union of compact curves on which T is strictly monotone, thus they cannot form closed 
orbits. 
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In fact, locally {w, A) G fii(P) \ H(P) if and only if A = X{w) e by Lemma EH 
Since P{w) — A Hat is of principal type by Proposition 14.71 we find that DimKer(P(w) — 
A(u7) Mat) is constant by Proposition I3.5[ Thus we obtain the normal form fl4.18p as in 
Example 14.121 This shows that the Hamilton vector field Hx of a germ of an eigenvalue 
is determined by {dQu,u) with 7^ m G Ker(P — A Hat) by the invariance property 
given by ()3.2p . Now we have that ((iJ^ Re m) > and d{lmQu,u) = for u G 
Ker M(P — zUn) by f l4.12p . Thus by picking subsequences we find that the limits of 
non-trivial semibicharacteristics for eigenvalues of Q close to give curves on which T is 
strictly monotone. Since z ^ Eoo(P) these limit bicharacteristics are compact and cannot 
form closed orbits. 

Example 4.17. Consider the system in Example 14.131 

where < K{x) G C°°, then for z > we find that P — zldj\f is quasi-symmetric in a 
neighborhood of ^^(P) with respect to V = Ht, for T{x,C,) = —{C,,x). If K{x) G 
and ^ Eoo (K) then we obtain from Proposition 12.201 Remark 12.211 Example 12.221 and 
Theorem 14.151 that 

II (P'"(x, hD) -zy^\\<C/h < /i< 1 

since z ^ Soo(P). 



Proof of Theorem \4 . 1 5[ We shall first consider the case. We may assume without 



loss of generality that z = 0, and we shall follow the proof of Theorem 1.3 in [6]. By the 
conditions, we find from Definition 14.51 Remark 14.81 and (14. 6 p that there exists a function 
T{w) G and a multiplier M{w) G C^(T*R") so that Q = MP satisfies 

(4.22) ReHrQ >c-ClmQ 

(4.23) lmQ>cQ*Q 

for some c > and then M is invertible by Proposition l4.7[ In fact, outside a neighborhood 
of So(P) we have P*P > cq, then we may choose M = iP* so that Q = iP*P and use a 
partition of unity to get a global multiplier. Let 

(4.24) Cih < e < C2h\og^ 
where Ci ^ 1 will be chosen large. Let T = T'^{x, hD) 

(4.25) Q{h) = M^(x, hD)P{h) = Q'"{x, hD) + 0{h) 
and 

00 ^ 

Qe{h) = e^^/'^Q(/^)e-^/^ = e^^^^-Q{h) r^Y.±^^{^AT)\Q{h)) 



hm 

fc=0 
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where adxQih) = [T{h),Q{h)] = 0{h). By the assumption on e and the boundedness of 
adx/h we find that the asymptotic expansion makes sense. Since = 0{h) we see that 
the symbol of Qs{h) is equal to 

Q, = Q + ie{T,Q} + 0{h) 

Since T is a scalar function, we obtain 

(4.26) lmQ, = lmQ + eReHTQ + 0{h) 

Now to simplify notation, we drop the parameter h in the operators Q{h) and P{h), 
and we shall use the same letters for operators and the corresponding symbols. Using 
f l422l) and fj423l) in K26\i . we obtain for small enough e that 

(4.27) ImQ, > (1 - Ce) ImQ + ce-Ch>ce-Ch 

Since the symbol of ^(Qe — {Qe)*) is equal to the expression fl4.27p modulo 0(/i), the 
sharp Garding inequality for systems in Proposition IA.5I gives 

EC 

\m.{Qi,u,u) >{ce- Co^)||m|P > y IkT 
for /i ^ £ ^ 1. By using the Cauchy-Schwarz inequality, we obtain 
(4.28) 

Since Q = MP the calculus gives 
(4.29) 

where = e'^'^'^Pe^'^'^ and 
for small enough e. For h <^ e we obtain from fl4.28l) - fl4.29l) that 

C 

(4.30) < -IIP^mII 

e 

so Ps is injective with closed range. Now —Q* satisfies the conditions ( 14.3p -( l474l) . with T 
replaced by -T. Thus we also obtain the estimate (I4.28P for Q* = P*M* + 0{h). Since 
M* is invertible for small enough h we obtain the estimate (I4.30p for P*, thus is 
surjective. Because the conjugation by e^'^^^ is uniformly bounded on when e < Ch 
we obtain the estimate fl4.20p from fl4.30p . 

Now conjugation with e'^'^^'^ is bounded in (but not uniformly) also when ( 14.24p 
holds. By taking C2 arbitrarily large in fl4.24p we find from the estimate fl4.30p for P^ and 
P* that 

D (0, Kh log ^ Pi Spec(P) = 
for any K > when h > is sufficiently small. 



£C 

yll^^ll < \\QeU\ 



Qe = M,P, + 0{h) 

= e-^^/'^Me^^/^ = M + 0{e) is bounded and invertible 
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The analytic case. We assume as before that z = and 

P{h) ~ J2 Po = P 

j>o 

where Pj are bounded and holomorphic in a tubular neighborhood of T*R", satisfy- 
ing fl2.3p . and Pj"{z, hD^) is defined by the formula (12. II) . where we may change the 
integration to a suitable chosen contour instead of T*R"' (see fi6\ Section 4]). As before, 
we shall follow the proof of Theorem 1.3 in [6] and use the theory of the weighted spaces 
H[A.qt) developed in [9] (see also [13]). 

The complexification T*C" of the symplectic manifold T*R" is equipped with a complex 
symplectic form ujc giving two natural real symplectic forms hxvujc and Recuc- We find 
that T*R" is Lagrangian with respect to the first form and symplectic with respect to the 
second. In general, a submanifold satisfying these two conditions is called an IR-manifold. 

Assume that T G C^(T*R"'), then we may associate to it a natural family of IR- 
manifolds: 

(4.31) A^T = {w + igHriw) : w E r*R"} C T*C" with ^ G R and |^| small 

where as before we identify T(T*R") with T*R", see [6i p. 391]. Since lm{(dz) is closed 
on AgT,"we find that there exists a function Gg on A^^ such that 

dGg = -lm{Cdz)\Agj, 

In fact, we can write it down explicitely by parametrizing A^^- by T*R": 

G,{z,0 = -{^,qV^T{x,0) + qT{x,0 for {zX) = {x,0+^QHt{x,0 
The associated spaces if (A^t) are going to be defined by using the FBI transform: 

T : L\R^) L\T*W) 

given by 

(4.32) Tu{x,0 = Cnh-^ [ e'(<"-^'^>+'l"-^l')/2'»u(i/)ci2/ 

The FBI transform may be continued analytically to Agx so that T\^^u G C°^{AgT)- Since 
AgT differs from T*R" on a compact set only, we find that T^^^u is square integrable 
on KgT- The FBI transform can of course also be defined on m G L^(R") having values 
in C^, and the spaces H^K^t) are defined by putting h dependent norms on L'^iW^): 

II^IIW) = / |TA,,«(^,C)re-^^^(^'«/'^(^U^,)7n! = \\T^,M\l^^,,H) 

Suppose that Pi and P2 are bounded and holomorphic N x N systems in a neigh- 
bourhood of T*R" in T*C" and that u G L2(R",C^). Then we find for ^ > small 
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enough 

(4.33) {Pl"{x, hD)u, P^{X, hD)v)HiA,r) 

By taking Pi = P2 = P and u = v we obtain 

(4.34) \\P^ix,hD)u\\j,^^^^) = ||(P|A,jrA^,w||i.(^^,) + 0(/i)||«|||(A^^) 

as in the scalar case, see [9j or [13j. 

By Remark 14.81 we may assume that MP = Q satisfies fl4.lip - fl4.12p . with invertible M. 
The analyticity of P gives 

(4.35) Piw + igHr) = Piw) + iQHTPiw) + 0{g'^) |^| < 1 
by Taylor's formula, thus 

lmM{w)P{w + igHriw)) = ImQ(w) + gRe M{w)HTPiw) + 0{g'^) 

Since we have RbMHtP > c - CImQ, c > 0, by fHTTTj) and ImQ > by f02D . we 
obtain for sufficiently small ^ > that 

(4.36) Im M{w)P{w + igHriw)) > (1 - Cg) Im Q{w) + eg + Oig"^) > cg/2 
which gives by the Cauchy-Schwarz inequality that \\P \\^^ u\\ > c'g\\u\\ and thus 

(4.37) \\P-' \a^, II < C/g 

Now recall that H{AgT) is equal to as a space and that the norms are equivalent for 
every fixed h (but not uniformly). Thus the spectrum of P{h) does not depend on whether 
the operator is realized on or on H{AgT)- We conclude from (14.341) and (14.371) that 
has an /^-independent neighbourhood which is disjoint from the spectrum of P{h), when 
h is small enough. □ 

Summing up, we have proved the following result. 

Proposition 4.18. Assume that P{h) is an N x N system on the form given by (12.21) 
with analytic principal symbol P{w), and that there exists a real valued function T{w) G 
C°°(T*R") such that P{w) — zldi\i is quasi- symmetrizable with respect to Ht in a neigh- 
borhood ofEziP)- Define the IR-manifold 

A^^ = {w + igHriw); w G r*R"} 
for g > small enough. Then 

P{h) - z : H{A,t) H{A,t) 
has a bounded inverse for h small enough, which gives 
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Spec(P(/i))p|D(^,5) = 0<h<ho 

for S small enough. 

Remark 4.19. It is clear from the proof of Theorem \4-15\ that in the analytic case it 
suffices that Pj is analytic in a fixed complex neighborhood ofT,z{P) (s T*R", j > 0. 

5. The Subelliptic Case 

We shall investigate when we have an estimate of the resolvent which is better than the 
quasi-symmetric estimate, for example the subelliptic type of estimate 

II (P(/i) - A IdAr)-^ II < Ch-^' /i ^ 

with /i < 1, which we obtain in the scalar case under the bracket condition, see Theo- 
rem 1.4 in [6j. 

Example 5.1. Consider the scalar operator p'^ = hDf + if^it^x^hD^) where < 
f{t,x,0 e C^, {t,x) e R X R", and G Then we obtain from Theorem 1.4 

in [6] the estimate 

(5.1) h''/''-^^\\u\\ <C\\p'"u\\ h<^l ^ueC^ 
ifO^S„o(/) and 

(5.2) J2\^tf\^0 

j<k 

These conditions are also necessary. For example, if |/(t)| < Cltl'^ then an easy compu- 
tation gives \\hDtU + ifu\\/\\u\\ < ch^'''+^ if u{t) = ^{th-^/^+^) with ^ 4>{t) e C^(R). 

The following example shows that condition (15. 2p is not sufficient for systems. 

Example 5.2. Let P = HDt Id2 +iF{t) where 



Then we have P'^^)(0) = which gives that 



p|KerP(^)(0) = {0} 

But by taking u{t) = x(t)(t, -1)* with ^ x{t) e C^(R), we obtain F{t)u{t) = so we 
find ||Pn||/||M|| < ch. Observe that 

thus F{t) = t'^B*{t)U{t)B{t) where B{t) is invertible and U{t) is a projection of rank one. 
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Example 5.3. Let P = hDt Id2 +iF{t) where 
Then we have that 

Thus we find from the scalar case that < C||Pm|| for h <ti 1, see [BJ Theorem 1.4]. 

Observe that this operator is, element for element, a higher order perturbation of the 
operator of Example 15. 2[ 

Definition 5.4. Let < F{t) G L^^(R) be an x system, then we define 

(5.3) QsiF) = 1 1 : min (F(t)M, m)<5| 0<6<1 

which is well-defined almost everywhere and contains So(-F) = |-F|^^(0). 

Observe that one can also use this definition in the scalar case, then ^ls{f) = /~^([0, S]) 
for non-negative functions /. 

Remark 5.5. Observe that if F > and E is invertible then we find that 

(5.4) ns{E*FE) C ncs{F) 
where C = WE^^W^. 

Example 5.6. For the scalar symbols p{x,C,) = r + if{t,x,^) in Example 15.11 we find 
from Proposition lA.ll that (15. 2p is equivalent to 

\{t: f{t,x,0<S}\ = \Wxd\<C6'^'' 0<5<1 Vx,e 

where /^^^(t) = f{t,x,^). 

Example 5.7. For the matrix F{t) in Example 15.31 we find from Remark 15.51 that 
|^5(-F)| ^ C5^^^, and for the matrix in Example 15.21 we find that |f25(F)| = oo. 

We also have examples when the semidefinite imaginary part vanishes of infinite order. 

Example 5.8. Let p{x,^) = T + if{t,x,^) where < f{t,x,^) < Ce^^/I*l", a > 0, then 
we obtain that 

\ns{U^)\<Co\\og6\-'^'' 0<5<1 Va;,e 
(We owe this example to Y. Morimoto.) 

The following example shows that for subelliptic type of estimates it is not sufficient 
to have conditions only on the vanishing of the symbol, we also need conditions on the 
semibicharacteristics of the eigenvalues. 
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Example 5.9. Let 

P = hDtld2+ah(^^'' +i{t- pxfld2 {t,x)eR^ 

with a, /3 G R, then we see from the scalar case that P satisfies the estimate (15.11) with 
/i = 2/3 if and only either a = or a 7^ and (3 7^ ±l/a. 

Definition 5.10. Let Q{w) G C°°(T*R") be an x iV system and let Wq e C T*R". 

We say that Q satisfies the approximation property on S near wo if there exists a Q 
invariant subbundle V of C over T*W such that V{wo) = KerQ^(wo) and 

(5.5) Re{Q{w)v,v) = veV{w) wgS 

near wq. That V is Q invariant means that Q{w)v G V{w) for v G V{w). 

Here Ker(5^(wo) is the space of the generalized eigenvectors corresponding to the zero 
eigenvalue. The symbol of the system in Example 15 . 91 satisfies the approximation property 
onS = {r = 0}if and only if a = 0. 

Let Q = then since IniiQ = ReQ we obtain from Lemma [4.61 that RanQ-LKerQ 
on S. Thus KerQ^ = KerQ on S, and since KerQ^(wo) = V{wo) we find that 
Ker Q^{wo) = V{wo) = Ker Q{wo). It follows from Example 15.131 that Ker Q C V near wq. 

Remark 5.11. Assume that Q satisfies the approximation property on the C°° hypersur- 
face S and is quasi- symmetric with respect to V ^ TS. Then the limits of the non-trivial 
semibicharacteristics of the eigenvalues of Q close to zero coincide with the bicharacter- 
istics ofT,. 

In fact, the approximation property in Definition 15.101 and Example 15.131 give that 
(Re Qu, u) = for u G Ker Q C V on S. Since Im Q > we find that 

(5.6) {dQu,u) = VwGKerQ on TS 

By Remark 14. 161 the limits of the non-trivial semibicharacteristics of the eigenvalues close 
to zero of Q are curves with tangents determined by {dQu,u) for u G KerQ. Since 
VKeQ on Ker Q we find from (15. 6p that the limit curves coincide with the bicharac- 
teristics of E, which are the fiow-outs of the Hamilton vector field. 

Example 5.12. Observe that Definition 15.101 is empty if DimKerQ^(wo) = 0. If 
DimKer (5^(wo) > 0, then there exists e > and a neigborhood u to Wq so that 

(5.7) U{w) = ^ [ {z -Qiw))-' dz G C^iuj) 

is the spectral projection on the (generalized) eigenvectors with eigenvalues having abso- 
lute value less than e. Then RanH is a Q invariant bundle over uj so that RanH(wo) = 
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KerQ^(wo). Condition flS.Sp with V = Ran 11 means that Il*ReQIl = in cj. When 
lmQ{wo) > we find that Il*QIl{wo) = 0, then Q satisfies the approximation property 
on S near wq with V = Ran 11 if and only if 

d(n*(ReQ)lVj\j,^ = near wq 

Example 5.13. If Q satisfies the approximation property on S, then by choosing an 
orthonormal base for V and extending it to an orthonormal base for we obtain the 
system on the form 

« - (*' 

where Qn is K x K system such that Qn('^o) = 0, ReQn = on S and 1(^22 1 7^ 0. By 
multiplying from left with 

(idK -Ql2Q2i\ 

V Id^_x J 

we obtain that Qu = without changing Qn or Q22- 

In fact, the eigenvalues of Q are then eigenvalues of either Qu or Q22- Since V{wo) are 
the (generalized) eigenvectors corresponding to the zero eigenvalue of Q{wo) we find that 
all eigenvalues of Q22{u!o) are non- vanishing, thus Q22 is invertible near wq, 

Remark 5.14. If Q satisfies the approximation property on S near wq, then it satisfies 
the approximation property on S near Wi, for wi sufficiently close to Wq. 

In fact, let Qn be the restriction of Q to V as in Example 15.131 then since ReQn = 
ImiQii = on S we find from Lemma HSl that RanQnXKer Qn and KerQn = KerQf^ 
on S. Since Q22 is invertible in (15.81) . we find that KerQ C V. Thus, by using the spectral 
projection (15.71) of Qn near wi E for small enough e we obtain an invariant subbundle 

V C V so that V{wi) = KerQn(wi) = KerQ^(«;i). 

If Q G C°° satisfies the approximation property and Qe = E*QE with invertible 
E G C°° , then it follows from the proof of Proposition [5]T8] below that there exist invertible 
A and B G C°^, so that AQe and Q*B satisfy the approximation property. 

Definition 5.15. Let P G C°°(T*R") be an x system and let 0(r) be a positive non- 
decreasing function on R+. We say that P is of subelliptic type (p if for any wq G So(P) 
there exists a neighborhood u of Wq, a C°° hypersurface "E 3 wq, a real vector field 

V ^ TS and an invertible symmetrizer M G C°° so that Q = MP is quasi-symmetric 
with respect to in u; and satisfies the approximation property on'Ef]uJ. Also, for every 
bicharacteristic 7 of S the arc length 

(5.9) |7^^]^(ImQ) ncj| < C0(5) 0<(5<1 
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We say that z is of subelliptic type for P G if P — 2; Htv is of subelliptic type 0. If 
0(5) = then we say that the system is of finite type of order > 0, which generahzes 
the definition of finite type for scalar operators in [6]. 

Recall that the bicharacteristics of a hypersurface in T*X are the fiow-outs of the 
Hamilton vector field of S. Of course, if P is elliptic then by choosing M = iP^^ we 
obtain Q = ildiy, so P is trivially of subelliptic type. If P is of subelliptic type, then it 
is quasi-symmetrizable by definition and thus of principal type. 

Remark 5.16. Observe that we may assume that 



in Definition \5.15[ 

In fact, by adding igP* to M we obtain (IS.lOp for large enough g by (14. 6p . and this 
only increases ImQ. 

Since Q is in C°° the estimate (15.91) cannot be satisfied for any 0(5) ^ 6 (unless Q is 
elliptic) and it is trivially satisfied with = 1, thus we shall only consider cS < 0(5) <^ 1 
(or finite type of order < /i < 1). Actually, for C°° symbols of finite type, the only 
relevant values in ( 15. 9p are /i = 1/A; for even k > 0, see Proposition IA.2I in the Appendix. 

Actually, the condition that is non-decreasing is unnecessary, since the left-hand 
side in (15.91) is non-decreasing (and upper semicontinuous) in 6, we can replace 0(5) by 
infe>5 0(e) to make it non- decreasing (and upper semicontinuous). 

Example 5.17. Assume that Q is quasi-symmetric with respect to the real vector field V, 
satisfying ( 15. 9p and the approximation property on S. Then by choosing an orthonormal 
base as in Example 15.131 we obtain the system on the form 



where Qu is K x K system such that Qii^Wq) = 0, ReQn = on S and \Q22\ 7^ 0. Since 
Q is quasi-symmetric with respect to V we also obtain that Qu{wo) = 0, ReVQu > 0, 
ImQjj > for j = 1, 2. In fact, then Lemma (4.61 gives that ImQXKerQ so KerQ^ = 
KerQ. Since Q satisfies ( 15. 9p and ilj(ImQii) C Qs(lmQ) we find that Qu satisfies ( 15. 9p . 
By multiplying from left as in Example 15.131 we obtain that Q12 = without changing 
Qu or Q22. 

Proposition 5.18. If the N x N system P(w) E C°°(T*R"') is of subelliptic type then 
P* is of subelliptic type 0. If A{w) and B{w) G C°°(T*R") are invertible N x N systems, 
then APB is of subelliptic type cj). 



(5.10) 



lm{Qu,u)>c\\Quf VnGC 



I AT 
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Proof. Let M be the symmetrizer in Definition 15.151 so that Q = MP is quasi-symmetric 
with respect to V. By choosing a suitable base and changing the symmetrizer as in 
Example 15.171 we may write 



(5.11) Q 



Qii 

Q22 



where Qu is K x K system such that Qii{wo) = 0, VReQu > 0, ReQii = on 
E and that Q22 is invertible. We also have ImQ > and that Q satisfies f l5.9p . Let 
Vi = {ueC^ : = for j > is: } and V2 = { n G : Uj = Oioi j <K}, these are 
Q invariant bundles such that Vi © V2 = C^. 

First we are going to show that P = APB is of subelliptic type. By taking M = 
B-^MA'^ we find that 

(5.12) MP = Q = B-^QB 

and it is clear that B~^Vj are Q invariant bundles, j = 1, 2. By choosing bases in B"^Vj 
for j = 1, 2, we obtain a base for in which Q has a block form: 

Here Qjj : B^^Vj ^ B^^Vj, is given by Qjj = Bj^QjjBj with 

Bj ■ B-^Vj 3u^ BueVj J = 1, 2 
By multiplying Q from the left with 

13 

we obtain that 

Q = BQ = BMP -- 



BlBi 
B*B, 



BlQuBi \ ^ /Qn _0 
BIQ22B2) V Q22 

It is clear that ImQ > 0, Qii(wo) = 0, ReQ^i = on S, \Q22\ 7^ and VB^eQn > by 
Proposition 14.111 Finally, we obtain from Remark 15.51 that 

(5.14) ^ls{\mQ)(Znc5{\^Q) 

for some C > 0, which proves that P = APB is of subelliptic type. Observe that 
Q = AQb, where Qb = B*QB and A = BB-\B*)-\ 

To show that P* also is of subelliptic type, we may assume as before that Q = MP is 
on the form (15.111) with Qii{wo) = 0, V^ReQn > 0, ReQu = on S, Q22 is invertible, 
ImQ > and Q satisfies ( 15.91) . Then we find that 



-P*M* = -Q* 



-Qu 

-QI2 
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satisfies the same conditions with respect to —V, so it is of subelhptic type with multi- 
plier Hat. By the first part of the proof we obtain that P* is of subelliptic type, which 
finishes the proof. □ 

Example 5.19. In the scalar case, p G C°°{T*'RJ^) is quasi-symmetrizable with respect 
to Hf = dr near wq if and only if 

(5.15) p{t,x;T,^) = q{t,x;T,^){T + if{t,x,^)) near Wq 

with / > and q ^ 0, see Example 14.41 If ^ Soo(p) we find by taking as symmetrizer 
that p in (15.151) is of finite type of order if and only if n = 1/k for an even k such that 

by Proposition lA.ll In fact, the approximation property is trivial since / is real. Thus 
we obtain the case in P, Theorem 1.4], see Example 15. 1[ 

Theorem 5.20. Assume that the N x N system P{h) is given by the expansion (12.21) 
with principal symbol P G C^(T*R"). Assume that z G S(-P) \ Soo(-P) is of subelliptic 
type for P , where (p > is non- decreasing on R+. Then there exists ho > so that 

(5.16) II {P{h) - z Idjv)-^ II < C/ij{h) 0<h<ho 

where ip{h) = S is the inverse to h = 6(j){6). It follows that there exists cq > such that 

(5.17) {w: \w-z\< coij{h) } n a{P{h)) = < h < ho. 

Theorem 15.201 will be proved in section [61 Observe that if (j){6) — >c>0as(5^0 
then ip{h) = 0{h) and Theorem 15.201 follows from Theorem 14.151 Thus we shall assume 
that (f){6) ^ as 5 ^ 0, then we find that h = 6(j){6) = o{6) so iplh) ^ h when h ^ 0. 
In the finite type case: 0(5) = 6'^ we find that 6(j){6) = 6^^^ and ip{h) = h^^^^^. When 
jj = 1/kwe find that l + /i = {k + l)/k and ip{h) = h'^^'^^^. Thus Theorem 15.201 generalizes 
Theorem 1.4 in [6] by Example 15.191 Condition (I5.16P with "ipih) = h^/^^^ means that 
A ^ A^y^^-i^(P), which is the pseudospectrum of index l//i + 1. 

Example 5.21. Assume that P{w) G C°° is x and ^ G S(P) \ (E^,(P) J Soo(P)). 
Then S^(P) = { \ {w) = /i } for close to 2;, where A G is a germ of eigenvalues for P 
at ^^(P), see Lemma [2.151 If 2; G 9S(A) we find from Example 14. 121 that P{w) — zHat is 
quasi-symmetrizable near wo G ^^(P) if P{w) — X Id^ is of principal type when |A— 2;| ^ 1. 
Then P is on the form (14.151) and there exists q{w) G C°° so that (I4.16p -( l4.17p hold near 
T,z{P). We can then choose the multiplier M so that Q is on the form (14.180 . By taking 
S = { Re g(A — z) = } we obtain that P — 2; Id^v is of subelliptic type if (15. 9p is satified 
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for Img(A — z). In fact, by the invariance we find that the approximatfon property is 
trivially satisfied since RegA = on E. 



Example 5.22. Let 

P{x, = Id^v +^K{x) (x, e T*R" 

where K{x) G C°°(R"') is symmetric as in Example I3.12[ We find that P — zld^ is of 
finite type of order 1/2 when z = iX for almost all A G ^{K) \ {J]y^s{K) IjSoo(-f^)) by 
Example l5.21[ In fact, then z G S(P)\(S^s(P) f] Soo(-P)) and the C°° germ of eigenvalues 
for P near S^(P) is A(x,^) = + iK,{x), where k{x) is a C°° germ of eigenvalues for 
K{x) near T,\{K) = { k{x) = A }. For almost all values A we have dK{x) 7^ on T,x{K). 
By taking q = i we obtain for such values that (15. 9p is satified for lmi{X{w) — iX) = \^\'^ 
with (f){6) = 6^/^, since Rei{X{w) - tX) = X - k{x) = on S = Sa(K). If K{x) G 
and ^ Soo(-ft') then we may use Theorem 15.201 Proposition 12.201 Remark 12.211 and 
Example 12.221 to obtain the estimate 

(5.18) \\{P'"{x,hD)~zldNy^\\<Ch-^/'^ 0</Kl 

on the resolvent. 

Example 5.23. Let 

P{t, X- T, = rM{t, X, + iF{t, X, G 
where M > cq > and F > satisfies 



(5.19) 



t: inf {F{t,x,Ou,u) < 6 

\u\=l 

Then P is quasi-symmetrizable with respect to dr with symmetrizer Mat. When r = we 
obtain that ReP = 0, so by taking V = Ran 11 for the spectral projection 11 given by (15.71) 
for F, we find that P satisfies the approximation property with respect to S = { r = }. 
Since ^^(ImP) = Qs{F) we find from (I5.19P that P is of subelliptic type (p. Observe that 
if ^ Soo(P) we obtain from Proposition IA.2I that (15.191) is satisfied for (f){6) = 6^ if and 
only if /i < 1/A; for an even A; > so that 

J2\di{Fit,x,Ouit),um>0 Vt,x,e 
for any ^ u{t) E C°°(R). 

6. Proof of Theorem 15.201 

By subtracting zld^^ we may assume z = 0. Let Wq G So(P), then by Definition 15.151 
and Remark 15.161 there exist a C°° hypersurface S and a real C°° vector field V ^ TS, 
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an invertible symmetrizer M G C°° so that Q = MP satisfies f l5.9p . the approximation 
property on E, and 

(6.1) VReQ>c-ClmQ 

(6.2) ImQ>cQ*Q 

in a neighborhood u of wq, here c > 0. 

Since (16. ip is stable under small perturbations in V we can replace V with Ht for 
some real t G C°° after shrinking u. By solving the initial value problem HfT = — 1, 
= 0, and completing to a symplectic coordinate system {t,T,x,^) we obtain that 
E = {r = 0}ina neighborhood of Wq = (0,0, Wq) . We obtain from Definition 15.151 that 

(6.3) Re{Qu, u) = when r = and n G V 

near wq. Here V is a Q invariant C°° subbundle of such that V{wo) = Ker(5^(t?o) = 
KerQ{wo) by Lemma [4.61 By condition (15. 9p we have that 

(6.4) \ns{lmQ^)r]{\t\<c}\<C(j){6) 0<5<1 

when \w — Wo\ < c, here (5t„(t) = Q(t,0,w). Since these are are all local conditions, we 
may assume that M and Q G C^. We shall obtain Theorem 15.201 from the following 
estimate. 

Proposition 6.1. Assume that Q G C^(T*R") is an N x N system satisfying (I6.ip -f l6l^ 

in a neighborhood of wq = (0, 0, wq) with V = dr and non- decreasing (j){6) ^0 as 6 —>■ 0. 
Then there exist Hq > and R G C^(T*R") so that wq ^ supp R and 

(6.5) ip{h)\\u\\ < C{\\Q'"{t,x,hDt,^)u\\ + WR'^it, x, hDt^^)u\\ + h\\u\\) < h < Hq 
for any u G C^(R", C^). Here ilj{h) = 6 h is the inverse to h = 6(f){6). 

Let be a neighborhood of Wq such that supp Rf]uj = ^, where R is given by Propo- 
sition [6]T1 Take (f G C^{uj) such that < f < 1 and (f = 1 in a neighborhood of Wq. By 
substituting ip'^it, x, hDt^^)u in (16. 5p we obtain from the calculus that for any we have 
(6.6) 

ilj{h)\\ip^{t,x,hDt^M\ < CN{\\Q^{t,x,hDt,,)ip^{t,x,hDt^,)u\\ + /i^IImII) Viz G 
for small enough h since -Ry? = 0. Now the commutator 

(6.7) II [Q'"{t, X, HDt^^), if'^it, X, hDt^^)]u\\ < Ch\\u\\ u G 
and since Q = MP the calculus gives 

(6.8) ||g"'(t, X, hDt^^)u\\ < \\M'"{t, X, hDt^^)P{h)u\\ + Ch\\u\\ 

<C'{\\P{h)u\\+h\\u\\) ueC^ 
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The estimates f l6.6p - fl6.8l) give 

(6.9) i/j{h)\\ip'"{t,x,hDt,M\ < Ci\\P{h)u\\ + h\\u\\) 

Since ^ Soo(-P) we obtain by using the Borel Theorem finitely many functions (pj G 
C^, j = l,...,N, such that < 0^ < 1, J^. (f)j = 1 on So(P) and the estimate (K9h 
holds with = Let (po = 1 — J2j>i 'Pji then since ^ Soo(-P) we find that H-P^"*^!! < C 
on supp0o- Thus 0o = (poP^^P and the calculus gives 

(6.10) \\(j)^{t,x,hDt^^)u\\ <C{\\P{h)u\\+h\\u\\) u e 
By summing up, we obtain 

(6.11) ij{h)\\u\\<C{\\P{h)u\\ + h\\u\\) ueC^ 

Since h = 6(j){6) <^ 5 we find ipih) = 6 ^ h when /i — > 0. Thus, we find for small 
enough h that the last term in the right hand side of (16.111) can be cancelled by changing 
the constant, then P{h) is injective with closed range. Since P*{h) also is of subelliptic 
type (f) by Proposition l5.18l we obtain the estimate (16. lip for P*{h). Thus P*{h) is injective 
making P{h) is surjective, which together with (16. lip gives Theorem I5.20[ 

Proof of Proposition \6.1[ First we shall prepare the symbol Q locally near wq = (0, 0, wo)- 
Since ImQ > we obtain from Lemma 14.61 that Ran(5('i'o)-LKerQ(u'o) which gives 
KerQ^lwo) = Ker(5(u'o)- Let DimKer Q{wq) = K then by choosing an orthonormal 
base and multiplying from the left as in Example I5.17[ we may assume that 

where Qii is K x K matrix, Quiwo) = and |Q22('2'o)| 7^ 0. Also, we find that Qu 
satisfies the conditions (I6.ip -( l6l4l) with V = near wq. 

Now it suffices to prove the estimate with Q replaced by Qu. In fact, by using the 
ellipticity of Q22 at Wq we find 

(6.13) \\u"\\ < C(||g>"|| + Ili^iVII + h\\u"\\ u" E Co°°(R", C^-^) 

where u = {u',u") and Wq ^ suppi?i. Thus, if we have the estimate (16. 5p for with 
R = R2, then since ip{h) is bounded we obtain the estimate for Q"^: 

Hh)\\u\\ < Co(||Q>'|| + + + h\\u\\) < Cidig^Mll + WR'^uW + h\\u\\) 

where Wq ^ supp R, R — (^1) R2) ■ 

Thus, in the following we may assume that Q = Qu is K x K system satisfying the 
conditions (I6.ip -( |6^ with V = near wq. Since c^rReQ > at wq by (16.11) . we find 
from the matrix version of the Malgrange Preparation Theorem in ^ Theorem 4.3] that 

(6.14) Q{t,T,w) = E{t,T,w){Tld+KQ{t,w)) near t^o 
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where E, Kq G C°°, and Re^ > at wq. By taking M{t,w) = E{t,0,w) we find 
Re M > and 

Qit,T,w) = Eoit,T,w){TM{t,w) +iK{t,w)) = Eo{t,T,w)Qo{t,T,w) 

where £'o(t,0,w) = Id. Thus we find that Qq satisfies (I6.2p . fl6.3p and (16.41) when r = 
near wq. Since K{0,wo) = we obtain that Imi^ = and K > cK^ > near {0,wo). 
We have Re M > and 

(6.15) \{lmMu,u)\<C{Ku,uy^'^\\u\\ near(0,ti;o) 

In fact, we have 

< Im Q < A' + r(Im M + Re{EiK)) + Ct^ 
where Ei(t,w) = drE(t,0,w). Lemma lA.71 gives 

\{lmMu,u) + Re{EiKu,u)\ < C{Ku,uy/'^\\u\\ 
and since < CK we obtain 

\Re{EiKu,u)\ <C\\Ku\\\\u\\ < Co{Ku,uy/'^\\u\\ 
which gives (16.151) . Now by cutting off when |r| > c > we obtain that 

Q'" = E^Q^ + Ro+ hR^ 

where Rj G and wq ^ suppi?o- Thus, it suffices to prove the estimate (16. 5p for Qq. 
We may now reduce to the case when ReM = Id. In fact, 

^ M^{{ld +iM^)hDt + iK^)M^ modulo 0{h) 

where Mq = (ReM)^/^ jg invertible, = Mi and Ki = Mq^KMq^ > 0. By changing 
Ml and Ki and making Ki > outside a neighborhood of (0, wq) we may assume that 
Ml, Ki G and iKi satisfies (16. 4p for all c > and any w, by the invariance given 
by Remark 15.51 Observe that condition (I6.15P also is invariant under the mapping Qq i— > 
E*QoE. 

We shall use the symbol classes / G S{m, g) defined by 

fc 

\d,,...d,J\<Ckm\{g{ujYl^ Vz/i,...,z/fc Vfc 

for constant weight m and metric and Op S'(m, g) the corresponding Weyl operators 
We shall need the following estimate for the model operator Qq. 

Proposition 6.2. Assume that 

Q = M'"{t, X, hD^)hDt + iK'"{t, x, hDa,) 
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where M{t,w) andO < K{t,w) E L°°(R, C^(T*R")) areNxN system such thatReM = 
Id, ImM satisfies f l6.15p and iK satisfies (16.41) for all w and c > with non- decreasing 
< (j){6) ^0 as 6 —>-0. Then there exists a real valued B{t,w) G L'^(R, S{1, H\dw\'^/h)) 
such that hB{t,w)/ilj{h) G LipCR, S{1, H\dw\'^/h)), and 

(6.16) ip{h)\\uf <lm{Qu,B'"{t,x,hD^)u) + Ch^\\Dtuf < /i< 1 

/or an?/ u G C^(R"'^"'^, C^). i^^ere t/ie bounds on B(t,w) are uniform, ip{h) = 5 h is 
the inverse toh = (50(5) soO< H = ^/hji^h) < 1 ash-^0. 

Observe that = h/^{h) = 0(^(/i)) ^ and h/H = ^i){h)h < V^(/i) ^ as /i ^ 0, 
since < 0(5) is non-decreasing. 

To prove Prop osit ion 16 . 1 1 we shall cut off where |r| ^ e\/^/h. Take Xo(^) ^ C'(j^(R) such 
that < Xo ^ 1) Xo(^) = 1 when |r| < 1 and |r| < 2 in suppxo- Then 1 — Xo = Xi where 
< xi < 1 is supported where |r| > 1. Let (pj,e{r) = Xj{hr /e^/tp), j = 0, 1, for e > 0, 
then 0o,e is supported where |r| < 2£:a/0/^ S'lid 0i^e is supported where |r| > e^/^/h. We 
have that 0j,e(T) G ^(l, h'^dr'^/ip), j = 0, 1, and u = 0o,e(-Dt)u + 0i,e(-Dt)M, where we shall 
estimate each term separately. Observe that we shall use the ordinary quantization and 
not the semiclassical for these operators. 

To estimate the first term, we substitute 0o,e(-Dj)u in (I6.16p . We find that 

(6.17) ^{h)\\<f)oADt)uf < lm{Qu,<j)o,e{Dt)B^{t,x,hD^)<j)o,e{Dt)u) 

+ lm{[Q, <j)oADt)]u, B^{t, X, hD,)<f)o,s{Dt)u) + 4Ce^^\\uf 

In fact, h\\Dt(j)o^^{Dt)u\\ < 2ey/^\\u\\ since it is a Fourier multiplier and |/ir0o,£(T)| < 
2eA/0. Next we shall estimate the commutator term. Since ReQ = hDf Id —hdt ImM"'/2 
and ImQ = hlmM'"Dt + K"" + hdtlmM"'/2i we find that [Re Q, 0o,e(A)] e OpS{h,g) 
and 

[g,0o,e(A)] = 2[Img,0o,e(A)] = t[K^,<PoADt)] = -hdtK^(t>2,e{Dt)/e^ 

is a symmetric operator modulo OpS'(/i, ^), where Q = dt^ + K^dr'^/ip + \dx\'^ + h'^\d^\^ 
and 02,e(r) = Xo(W^W')- In fact, we have that K^/^^h) < Ch, /i[ajm M"', 0o,£(A)] 
and [ImM"', 0o,e(A)]^-Dt G Op5'(/i, ^), since |r| < e^fip/h in supp0o,£(t)- Thus, we find 
that 

(6.18) - 2z Im (0o,.(A)5"'[Q, 0o,e(A)]) = 2ihe-^ij-^'^ Im (0o,s(A)5'^5iK"'02,e(A)) 

= /l£-V"'/'(0O,.(A)5"'[5tir"',02,e(A)] +0O,.(A)[i?",02,.(A)]9*i^" 

+ 02,.(A)[0O,.(A), B^]dtK'" + 02,e(A)5"'[0o,e(A), dtK^]) 
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modulo OpS{h,g). As before, the calculus gives that [(pj,e{Dt),dtK'"] E Op S{hij-^^^,g) 
for any j. Since t hB^/ip G Lip(R, Op 5(1, ^)) uniformly and 4>j,e{'T) = Xji^r / eyfip) 
with x'j ^ C'^(R), Lemma lA.41 with k = e^f^jh gives that 

||[0,,,(A),sill^(^.(R„+i))<C^v^/^ 

uniformly. If we combine the estimates above we can estimate the commutator term: 
(6.19) |Im([Q,0o,,(A)]n,5"'(t,x,/iD,)0o,e(A)M)| < C/i||^if <^(/i)||^if h<^\ 

which together with (16.171) will give the estimate for the first term for small enough e 
and h. 

We also have to estimate (j)i^s{Dt)u, then we shall use that Q is elliptic when |r| 7^ 0. 
We have 

||(/)i,,(A)«||' = (x"(A)w,w) 

where xi"^) = 0ie(''") ^ '^'(l, h'^dr'^ /ip) is real with support where |r| > e^/^/h. Thus, we 
may write x{Dt) = Q{Dt)hDt where q{t) = x(r)//ir G 8(4'^^^'^, h'^dr'^/^) by Leibniz' rule 
since |t|"^ < h/e\/^ in supp g. Now hDfld = KeQ + hdtlmM^ /2 so we find 

(x(A)m, m) = Re(^(A)(5?x, + ^ Re{g{Dt){dt Im M"')m, m) + Im(^(A) Im Qu, u) 
where \hRe{Q{Dt){dt\mM'")u,u)\ <Ch\\uf/£^ and 

|Re(^(A)Q^i,^^)| < ||Qn||||^(A)n|| < \\Qu\\\\u\\/e^/i) 
since ^?(-D^) is a Fourier multiplier and \(){t)\ < Xje^f^. We have that 

Im g = K"' (t , X, /iD:,.) + hDt Im M"" (t, x, /iL>^) - — (9Jm M'" (t , x, /iD^) 

where Im M^{t, x, hD^) and K'^{t, x, hD^) G Op ^(l, Q) are symmetric. Since g = x/hr G 
S{ip~^^'^, Q) is real we find that 

Im(^( A) Im Q) = Im g{Dt)K'" + Im x( A) Im M"" 

= ^([^?(A),i^"(t,x,/iA)] + [xm,lmM^{t,x,hD,)]) 

modulo terms in Op S'(/i/v^, ^) ^ Op 5'(/;,/'?/', ^). Here the calculus gives 

[g{Dt),K^{t,x,hD^)] G Op5(V^,6;) 
and similarly we have that 

[x(A),imM-(t,x,/iA.)] e Op5(Vv^,e?) c OY^S{h/i,,g) 

which gives that | Im(^(A) ImQM,M)| < Ch\\u\\'^ /ip. In fact, since the metric Q is con- 
stant, it is uniformly a temperate for all /i > 0. We obtain that 

iP{h)U^^,{Dt)uf < C,(v^||gn||||n|| + h\\u\\^) 
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which together with fl6.17p and fl6.19p gives the estimate fl6.5p for small enough e and 
since h/ip{h) — ^ as /i ^ 0. □ 

Proo f of Proposition 1 6. £ We shall do a second microlocalization in w = (x,^). By mak- 
ing a linear symplectic change of coordinates: (x,^) t-^ {h^^'^x, h~^^'^^) we obtain that 
Q{t, T, X, hC,) is changed into 

Q{t, r, h^^^w) e S{1, dt^ + dr^ + /^IdwH when |r| < c 

In these coordinates we find B{h^l^w) G 5(1, G), G = if B{w) G 5(1, V/i). 

In the following, we shall use ordinary Weyl quantization in the w variables. 

We shall follow an approach similar to the one of [6l Section 5]. To localize the estimate 
we take {(pji^w)}., {tpjiw)}. G 5(1, G) with values in such that < (pj, < ipj, 
= 1 and (pjipj = (pj, Vj. We may also assume that ipj is supported in a G 
neighborhood of Wj. This can be done uniformly in H, by taking 4>j{w) = ^j{H^^'^w) and 
ip.{w) = ^j{H^l^w), with {^j{w) }. and j{w) }. G 5(1, \dw\^). Since E 0i = 1 and 
G = H\dw\'^ the calculus gives 

(6.20) - CH^M'' < \\uf < J2 UJi^, D^l' + CH'Wuf 
j j 

for u G G(j"(R"), thus for small enough H we find 

(6.21) Yl ^ 2||Mf < 4 ^ UJix, DM\^ for u G Go^(R") 

i i 

Observe that since (h^ has values in i"^ we find that { } . G Op S{H'',G) also has 

values in i'^ if /2j G S{H'^, G) uniformly. Such terms will be summable: 

(6.22) ^ llr^wf < Gif'nkf 

j 

for { rj }j G S{H'^, G) with values in see [TOl p. 169]. Now we fix j and let 

Qjit, r) = Q{t, T, h^/^Wj) = Mj{t)T + iKjit) 

where Mj{t) = M{t,h^/'^Wj) and Kj{t) = K{t,h^/'^wj) G L°°(R). Since i\:(t,w) > we 

find from Lemma IA.7I and (I6.15P that 

(6.23) 

\{lmMj{t)u,u)\ + \{d^K{t,h^/^Wj)u,u)\ < C{Kj{t)u,uy/'^\\u\\ Vu G Vt 
and condition ( 16. 4p means that 

(6.24) 1 1 : inf ^{Kj{t)u, u) < 6^ < C(f){6) 

We shall prove an estimate for the corresponding one-dimensional operator 

Qj{t, hDt) = Mj{t)hDt + iKjit) 
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by using the following result. 
Lemma 6.3. Assume that 

Q{t, hDt) = M{t)hDt + iK{t) 

where M{t) and < K{t) are N x N systems, which are uniformly bounded in L°°(R), 
such that Re M = Id, Im M satisfies f l6.15p for almost all t and iK satisfies (16. 4p for any 
c > with non- decreasing (j){5) ^0 as 5 ^ 0. Then there exists a uniformly hounded real 
B{t) E L°°(R) so that hB{t)/tp{h) E Lip(R) uniformly and 

(6.25) ij{h)\\uf + {Ku,u) <lm{Qu,Bu) + Ch^\\Dtu\\'^ < /K 1 
for any u E C^(R, C^). Here 'ip{h) = 6 h is the inverse to h = 6(f)(6). 

Proof. Let < $/j(t) < 1 be the characteristic function of the set Qs{K) with 6 = ip{h). 
Since 6 = ip{h) is the inverse oi h = 6(f)(6) we find that (f>{ifj{h)) = h/6 = h/if){h). Thus, 
we obtain from (I6.24p that 

j <^h{t)dt=\Qs{K)\<Chlij{h) 

Let 

(6.26) E{t) = exp <^h{s) ds^ 

then we find that E and E''^ E L°°(R) uniformly and hE'/if){h) = ^hE in V'{R). We 
have 

(6.27) Eit)Qit, hDt)E-\t) = Q{t, hDt) + E{t)h[M{t)Dt, E-\t)] Id^ 

= Q(t, hDt) + #(/i)$h(t) Idjv -^{h)^h{t) ImM(t) 
since {E~^)' = —E'E'"^. In the following, we let 

(6.28) F{t) = K{t) +ifj{h)ldN >ip{h)ldN 
By the definition we have $/i(t) < 1 =^ K{t) > i'{h) Hat, so 

K{t)+^{h)^H{t) Id^>^F(t) 
Thus by taking the inner product in L'^(R) we find from fl6.27p that 

lm{E{t)Q{t, hDt)E-\t)u, u) 

> ]^{F{t)u,u) + {lmM{t)hDtU,u) - ch\\uf uEC^iYl.C^) 

since \mQ{t,hDt) = K{t) + \mM{t)hDt + ^9JmM(t). Now we may use (16J5|) to 
estimate for any £ > 

(6.29) \{lmMhDtu,u)\ < e{Ku,u) + Ce{h'^\\Dtu\\'^ + h\\uf) Vu G Co"^(R, C^) 
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In fact, u = Xo{hDt)u + Xi{hDt)u where Xo(^) ^ C*(j"(R) and |r| > 1 in suppxi- We 
obtain from (16.151) for any e > that 

\{lmM{t)xoihT)hTu,u)\ < C {K{t)u,uy/'^\xoihT)hT\\\u\\ < €{K{t)u,u)+Ce\\xoihT)hTuf 
so by using Gardings inequahty in Proposition IA.5I on 

eK{t) + C,xl{hDt)h^D^ ± Im M{t)xo{hDt)hDt 

we obtain 

\{lmM{t)xo{hDt)hDtU,u)\ < e{K{t)u,u) + Ceh^\\Dtuf + CohWuW^ Vm G Co"^(R,C^) 
since \\xo{hDt)hDtu\\ < C\\hDtu\\. The other term is easier to estimate: 

\{lmM{t)xiihDt)hDtU,u)\ < C\\hDtu\\\\xiihDt)u\\ < Ci/i^Auf 
since |xi(/;,r)| < C\hT\. By taking e = 1/6 in f l6.29p we obtain 

{F{t)u, u)<3 lm{E{t)Q{t, hDt)E-\t)u, u) + ^(/i^ll A^H^ + h\\uf) 
Now hDfEu = EhDtU — iilj{h)^hEu so we find by substituting E{t)u that 

(6.30) ^l){h)\\E{t)u\\'^ + {KE{t)u, E{t)u) 

< 3Im(Q(t, hDt)u, E\t)u) + C{h^\\Dtuf + h\\uf + ^\h)\\E{t)uf) 

for u G C^(R, C^). Since E > c, fsT > and /i< ipih) < 1 when h ^ we obtain flOSD 
with scalar B = gE"^ for g ^ 1 and h <^ 1. □ 

To finish the proof of Proposition 16.21 we substitute (p^u in the estimate (16.251) with 
Q = Qj to obtain that 

(6.31) ij{h)\\4>Juf + {Kj4>Ju,(f)Ju) < lm{4>JQj{t,hDt)u,Bj{t)(f)Ju) + Ch^4>JDtuf 

for u G (TV^^^ , C^) , since (j)J{x,Dx) and Qj{t,hDt) commute. Next, we shall replace 
the approximation Qj by the original operator Q. In a G neighborhood of supp0j we 
may use the Taylor expansion in w to write for almost all t 

(6.32) Q{t, r, h^/'^w) - Qj{t, r) = i{K{t, h^/^w) - Kj{t)) + (M(t, h^''^w) - Mj{t))T 
We shall start by estimating the last term in (16.321) . Since M{t, w) G we have 

(6.33) \M{t, h^'^w) - Mj{t)\ < Ch^/^H-^/^ in supp0j 

because then \w — Wj\ < cH^^/'^. Since M(t, h^^'^w) G S{1, hldw]"^) and h <^ H we find 
from (16331) that M{t, h^/^w) - Mj{t) G S{h^/^H'^/^, G) in supp (f)j uniformly in t. By the 
Cauchy-Schwarz inequality we find 

(6.34) \{^J{M^ - M^)hDtU,B,{t)(PJu)\ < C{\\x^hDM\' + hH-'UJvf) 
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for u e Cg°{W+\ C^) where xj = h-^/'^H^/^(l)J{M'" - Mj) e Op 5(1, G) uniformly in t 
with values in i"^. Thus we find from f l6.22p that 

J2 WxJhDtuf < C\\hDtu\\^ u e Co°°(R"+^) 
j 

and for the last terms in fl6.34p we have 

j 

by (16.211) ■ For the first term in the right hand side of fl6.32p we find from Taylor's formula 

T,w) in supp (f)j 

where Sj{t) = dy,K{t, h^^^wj) G L°°{R), Rj G S{hH^^,G) uniformly for almost all t and 
Wj G S{h'^/^,h\dw\'^) such that (f)j{w)Wj{w) = (j)j{w){w - Wj) = 0{H~^l^). Here we 
could take Wj{w) = xih^^'^i^ — Wj)){w — Wj) for a suitable cut-off function x ^ C'o°- We 
obtain from the calculus that 

(6.35) (pJKjit) = (PJK'^it, h^'^x, h^/^D,) - h^^^cPJ {S,it), W^) + RJ 

where | | G S{hH~^, G) with values in for almost all t. Thus we may estimate the 
sum of these error terms by (16.221) to obtain 

(6.36) ^|(^J'M,5j(t)0jM)| <C/i/f-iMf <^(/l)||Mf /i^O 

i 

for u G C^(R"+^, C^). Observe that it follows from (I6.23P for any /t > and almost all t 
that 

\{S^{t)u,u) \ < G{K^{t)u,uY'^u\\ < K{Kj{t)u,u) + G\\u\\'^/k Vu G 

Let Fjit) = Fit, h^/^Wj) = Kj{t)+^{h) Idjv, then by taking k = gH^/^h-^/^ we find that 
for any g > there exists hg > so that 

(6.37) h'^^^H~^^^\{S,u,u) \ < g{KjU,u) + ChH~^\\uf/g 

< g{FjU,u) VugC^ 0<h<hg 

since hH^^ <^ V^(^) when h <^ 1. Now Fj and Sj only depend on t, so by ( 16.37^ we may 
use Remark IA.6I in the Appendix for fixed t with A = h^^'^H~^^'^Sj, B = gFj, u replaced 
with (pju and v with BjH^^^(j)JWj"u. Integration then gives 

(6.38) h'/'\{Bj<PJ{S,{t),W;")u,<PJu)\ < ^((F,(t)0-«,0» + (F,(t)^>, ^Jw)) 
for u G Co^(R"+\ C^), 0<h<hg, where 

= B^H^'^(l)JWf G Op 5(1, G) with values in t 
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In fact, since (f)j G S{1,G) and Wj G Sih-^/^hldwl"^) we find that (f)JW;" = {(pjWj)'" 
modulo Op S{H^^'^,G), and since |</>jW^j| < CH~^^^ we find from Leibniz' rule that 
(pjWj e S{H-^/^,G). Now F > ip{h)ldN > hR-^dN so by using Proposition |AJ] 
in the Appendix and then integrating in t we find that 

j j 
We obtain from and flQg]) that 

< 2^(F,(t)0-«,0» « e Co°°(R"+\C^) 

j 

Thus, for any ^ > we obtain from (16.311) and fl6.34p - fl6.38p that 

(1 - Coq) (f)Ju) < Im(07gu, B,{t)(j)Ju) + C,h^\\Dtuf < h < h, 

j j 

We have that Bj(f)'j'(j)J G S{1, G) is a scalar symmetric operator uniformly in t. When 

g = l/2Co we obtain the estimate f l6.16p with = 'i^j Bj(j)J(j)J , which finishes the 

proof of Proposition 16. 2[ □ 

Appendix A. 

We shall first study the condition for the one- dimensional model operator 

hDt Idjv +iF{t) < F{t) G C°°(R) 
to be of finite type of order /i: 

(A.l) \Qs{F)\<CS'' 0<(5<1 

and we shall assume that ^ Soo(-P)- When F{t) ^ C°°(R) we may have any /i > 
in flA.ip . for example with F{t) = |t|^/^IdAr. But when F G G^ the estimate cannot hold 



with n > 1, and since it trivially holds for yU = the only interesting cases are < yU < 1. 

When < F(t) is diagonalizable for any t with eigenvalues Xj{t) G G°°, j = 1, . . . ,N, 
then condition flA.ip is equivalent to 

\ns{Xj)\ < Gd'' Vj 0<5<1 

since ^s{F) = [jj Qs{Xj). Thus we shall start by studying the scalar case. 

Proposition A.l. Assume that < f{t) G C°°(R) such that f{t) > c > when \t\ > 1, 
i.e., ^ Soo(/). We find that f satisfies flA.ip with ^ > if and only if fi < 1/k for an 
even k > so that 

(A.2) El^/Wl>0 
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Simple examples as f(t) = e~*^ show that the condition that ^ Soo(/) is necessary 
for the conclusion of Proposition lA.li 

Proof. Assume that ( 1A.2I) does not hold with k < 1/yU, then there exists to such that 
f^''K^o) — integer j < Then Taylor's formula gives that /(t) < c|t — tol*^ and 

|^(5(/)| > c^^/*"' where k = [1/ n] + I > 1/ n, which contradicts condition (lA.ip . 

Assume now that condition ( 1A.2I) holds for some k, then /~^(0) consists of finitely many 
points. In fact, else there would exist to where / vanishes of infinite order since f{t) ^ 
when \t\ ^ 1. Also note that n5>o ^s{f) = /^^(O), in fact / must have a positive infimum 
outside any neighborhood of /^^(O). Thus, in order to estimate for 5 ^ 1 we only 

have to consider a small neighborhood of to ^ /^^(O)- Assume that 

fito) = fito) = ■■■ = f^'~'\to) = and f^^\to) ^ 

for some j < k. Since / > we find that j must be even and /^-'■'(to) > 0. Taylor's 
formula gives as before f{t) > c\t — top for |t — tol ^1 and thus we find that 

if is a small neighborhood of to- Since /^^(O) consists of finitely many points we find 
that ( lA.ll) is satisfied with fi = 1/k for an even k. □ 

Thus, if < F G C°°(R) is C°° diagonalizable system and ^ Soo(-P) then condi- 
tion ( lA.ll) is equivalently to 

(A.3) J2\^,{F{t)u{t)Mt))\/Mt)r>0 Vt 

for any 7^ u{t) G C°°(R), since this holds for diagonal matrices and is invariant. This is 
true also in the general case by the following proposition. 

Proposition A. 2. Assume that < F(t) G C°°(R) is an N x N system such that 
^ Soo(-F). We find that F satisfies ( lA.ip with fx > if and only if ^ < 1/k for an even 
k > so that 

(A.4) J2\^,{F{t)u{t)Mt))\/Mt)r>0 vt 

for any0^u{t) G C°°(R). 

Observe that since ^ Soo(-F) it suffices to check condition (1A.4I) on a compact interval. 

Proof. First we assume that flAll) holds with > 0, let u{t) G C°°(R,C^) such that 
\u{t)\ = 1, and fit) = {F{t)u{t),u{t)) G C"^(R). Then we have ^]^(/) C nsiF) so (lAlll 
gives 
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The first part of the proof of Proposition lA.ll then gives flA.4p for some k < 1/fi. 
For the proof of the sufficiency of ( 1A.4I) we need the following simple lemma. 

Lemma A. 3. Assume that F{t) = F*{t) G C^(R) is an N x N system with eigenvalues 
Xj{t) G R, j = 1,...,A^. Then, for any to G R, there exist analytic Vj{t) G C^, 
j = 1, . . . , iV, so that { Vjito) } is a base for and 

(A.5) \\j{t) - {F{t)vj{t),Vj{t))\<C\t-to\'' for\t-to\<l 

after a renumbering of the eigenvalues. 

By a well-known theorem of Rellich, the eigenvalues X{t) G C^(R) for symmetric F{t) G 
C^(R), see [m Theorem II.6.8]. 

Proof. It is no restriction to assume to = 0. By Taylor's formula 

Fit) = Fkit) + Rkit) 

where Fj. and Rk are symmetric, Fk{t) is a polynomial of degree k — 1 and Rk{t) = 0{\t\^). 
Since Fk{t) is symmetric and holomorphic, it has a base of normalized holomorphic 
eigenvectors Vj{t) with real holomorphic eigenvalues Xj{t) by [HI Theorem II.6.1]. Thus 
'^j(^) — {^k{t)vj{t), Vj{t)) and by the minimax principle we may renumber the eigenvalues 
so that 

\Xj{t)-xM<\\Mt)\\<c\t\' vj 

Since 

\{iFit)-Fkit))v,it),v^m = \{Rkit)v,it),v,m < C\t\' Vj 
we obtain the result. □ 

Assume now that ([Ql) holds for some k. As in the scalar case, we have that k is even 
and f]gyQQs{F) = So(-F) = |F|^^(0). Thus, for small 6 we only have to consider a small 
neighborhood of to ^ So(-F). Then by using Lemma [A. 3 1 we have after renumbering that 
for each eigenvalue A(t) of F{t) there exists v{t) G C°° so that |f (t)| > c > and 

(A.6) \X{t) - {F{t)v{t),v{t))\ <C\t-to\^^^ when|t-to|<c 

Now if So(-F) 3 tj to is an accumulation point, then after choosing a subsequence we 
obtain that for some eigenvalue we have Xk{tj) = 0, Vj. Then vanishes of infinite 
order at to, contradicting flA.4p by flA.6l) . Thus, we find that So(-F) is a finite collection 
of points. By using ( 1A.4I) with u{t) = v{t) we find as in the second part of the proof of 
Proposition lA.ll that 

{F{t)v{t), v{t)) > c\t - to\^ |t - tol < 1 
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for some even j < k, which by flA.6P gives that 

A(t) > c\t - to\^ - C\t - tol''^^ > c\t - toP' |t - tol < 1 

Thus IQsWn^l < c^i/^' if for (5 < 1 if C(j is a small neighborhood of to ^ So(-F). Since 
fls{F) = [JjQsi^j), where { Aj(t) }j are the eigenvalues of F{t), we find by adding up 
that \^5iF)\ < C6^/''. Thus the largest /i satisfying (IXTj) must be >l/k. D 



Let A{t) G Lip(R, £(L^(R"))) be the L^(R") bounded operators which are Lipschitz- 
continuous in the parameter t G R. This means that 

(A.7) A{s) - A{t)/s - t = B{s, t) G /:(L2(R")) uniformly in s and t 

One example is A(t) = a^(t,x, D^) where a(t,x,^) G Lip(R, S'(l, G)) for a a temperate 
metric G which is constant in t such that G/G^ < 1. 

Lemma A.4. Assume that A{t) G Lip(R, £(L2(R"))) and (j){T) G C°°(R) such that 
4>'{r) G C^(R). Then for k, > we can estimate the commutator 

\\[<PiD,/K),Ait)]\\^^^,^^„^,^^<Gn-' 

where the constant only depends on (f) and the hound on A{t) in Lip(R, £(L^(R"))). 

Proof. In the following, we shall denote by x, y) the distribution kernel of A{t). Then 
we find from ( 1A.7I) that 

(A.8) A{s, X, y) - A{t, x, y) = {s ~ t)B{s, t, x, y) 

where B{s,t,x,y) is the kernel for B{s,t) for s, t G R. Then 

(A.9) {[(P{Dt/K),A{t)]u,v) 



= (27r) ^ J e**^* ''^'^(f){T/K,){A{s,x,y) - A{t,x,y))u{s,x)v{t,y)dTdsdtdxdy 
for u, V E C^(R""*'^), and by using flA.81) we obtain that the commutator has kernel 

i2n)-^ J e^(*-')"0(r/K)(s - t)B{s, t, x, y) dr 

= j e'^^-''^^p{r/K)B{s, t, X, y) dr = p{k{s - t))B{s, t, x, y) 
in ©(R^""*"^), where p G C^(R). Thus, we may estimate (]A.9P by using Cauchy-Schwarz: 

j \ q{'^s){B{s + t, t)u{s + t), f (t))L2(R") I dtds < Ck^^\\u\\ \\v\\ 
where the norms are in £(L^(R"'+^)). □ 
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We also need some results about the lower bounds of systems, and we shall use the 
following version of the Garding inequality for systems. A convenient way for proving the 
inequality is to use the Wick quantization of a G L°°(T*R"') given by 

a^'''\x, D^)u{x) = [ a{y, v)^y,,ix, D^)u{x) dydrj u E 5(R") 

using the rank one orthogonal projections D^;) in L^(R^) with Weyl symbol 

(see [a Appendix B] or [El Section 4]). We find that a^'"^: 5(R") ^ 5'(R") is symmetric 
on iS(R") if a is real- valued, 

(A.IO) a>0^{a^''\x,D^)u,u)>0 m G 5(R") 

and \\a}^^'^''{x, Drc)\\c(]^2(ji^n-j'^ < ||a||2,oo(y.R^n), which is the main advantage with the Wick 
quantization. If a G ^(l, we find that 

(A. 11) a^'''' = a"" + r"" 

where r G S{h, For a reference, see [121 Proposition 4.2]. 

Proposition A. 5. Let < A e C^(r*R") be an N x N system, then we find that 
{A'^ix, hD)u, u) > -Ch\\uf Vm G C^{YC, C^) 



This result is well known, see for example Theorem 18.6.14 in [TO], but we shall give a 
short and direct proof. 

Proof. By making a preserving linear symplectic change of coordinates: (x, S,) ^ 
we may assume that < A G ^(l, h\dw\'^). Then we find from ( lA.lip that 
^ ^wick ^ ^j^g^g ^ ^ g^i^^ h\dw\'^). Since A > we obtain from flXlOl) that 

{A'^u, u) > {R"u, u) > -Ch\\uf Vug Co°°(R", C^) 
which gives the result. □ 

Remark A. 6. Assume that A and B are N x N matrices such that ±A < B: Then we 
find 

\{Au,v)\ < ^{{Bu,u) + {Bv,v)) Vm, v e 

In fact, since B ± A > we find by the Cauchy-Schwarz inequality that 

2\{{B±A)u,v)\ < {{B±A)u,u) + {{B±A)v,v) Vm, v e 

and 2\{Bu,v)\ < {Bu,u) + {Bv,v). The estimate can then be expanded to give the 
inequality, since 

\{Au,u)\ < {Bu,u) VugC^ 
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by the assumption. 

Lemma A. 7. Assume thatO < F{t) G C^(R) is anNxN system such that F" G L°°(R). 
Then we have 



|(F'(0)m,u)P < C\\F"\\L^{F{0)u,u)\\uf \/u e 

Proof. Take u e with \u\ = 1 and let < f{t) = {F{t)u,u) e ^^(R). Then 
I /"I ^ so Lemma 7.7.2 in [lOj gives 

|/'(0)p = \{F'{0)u,u)\' < C\\F"\\Lo.f{0) = C||F"|U°c(F(OK«) 

which proves the result. □ 

Lemma A. 8. Assume that F > is an N x N matrix and that A is a L"^ hounded scalar 
operator, then 

< {FAu,Au) < \\Af{Fu,u) 

for anyue C^{YC,C^). 

Proof. Since F > we can choose an orthonomal base for such that {Fu, u) = 
J2f=i /jl'^iP — (^1' ^2, ■ • • ) £ C^, where fj > are the eigenvalues of F. In this 

base we find 

< {FAu,Au) = ^fj\\Aujf < \\Af^fj\\ujf = \\Af{Fu,u) 
j j 

for ?i G Co"^(R",C^). □ 

Proposition A. 9. Assume that h/H < F E S{l,g) is an N x N system, {4>j} and 
{ipj} ^ S{1,G) with values in i"^ such that > c > and ipj is supported in a 

fixed G neighborhood ofwj G supp0j, Vj. Here g = /i|c/wp and G = H\dw\'^ are constant 
metrics, < h < H < 1. If Fj = F{wj) we find for H that 

(A.12) < 

i 3 

for anyue G^{W,C^). 

Proof. Since x = J2j > c > we find that ^ S{1,G). The calculus gives 

where r G S{H,G) uniformly in H. Thus, the mapping u ^ ix~^)^ is a 

homeomorphism on L^(R") for small enough H. Now the constant metric G = Hldwl"^ 
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is trivially strongly a temperate according to Definition 7.1 in [1], so Theorem 7.6 in |1] 
gives B G S{1,G) such that 

j 3 

where BJ = B'^{x^^)^l^ ^ OpS'(l,G') uniformly, which gives 1 = 4>j^J since 
[Bjy =W^. Now we shall put 

T^{x,D,) = Y,^]{x,D,)F,^J{x,D,) 

3 

then 

(A. 13) = = j^^j^jv^r^/^i^rc 

jk jkl 

Let C/fc; = 'bJ^^I^B^, then we find from flXTSl) that 

Let djk be the distance between the G neighborhoods in which tpj and tpk are 

supported. The usual calculus estimates (see [TOj p. 168] or [1, Th. 2.6]) gives that the 
operator norm of Cj^; can be estimated by 

\\Cf,,\\<CN{l + d,i + dik)-'' 

for any N. We find by Taylor's formula, Lemma [A. 71 and the Cauchy-Schwarz inequality 
that 

\{{Fj - Fk)u,u)\ < Ci\w, ~ Wk\{FkU,uy/^h^/^\\u\\ 

+ C2h\wj - < C{FkU,u){l + djkf 

since \wj — Wk\ < C{djk + H^^/'^) and h < hH^^ < F^. Since > we obtain that 

2\{Fiu,v)\ < {Fiu,uY'^{Fiv,vY'^<C{F^u,uY'\FkV,vY'\l + d,i){l + dik) 

and Lemma [A. 81 gives 

Thus we find that 

Y,{FiClirkU^ <PJu) < J](1 + d,i + di.f-"^ {F,r,u, <j>^uy/'{F,<PJu, <j>juy/' 

jkl jkl 

jkl 
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Since 



for N large enough by [10^ p. 168]), we obtain the estimate (1A.12I) and the result. □ 
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